
vfircT marrmr-i

R<6
rT?TT
STHT

>wj‘>4 anw

^51lRcp ff^TT cRfRWt ^l^iqeH
ITPra ^RTI^R f^cfjRT (f^taTI fcTHFI),

HRc! ^fWR



mmw-i

2-
tRTn

(Solutions of coincidence and fixed point 

equations on 2-metric and 2-normed spaces)

ymm f^TF

Jlf^ld f^TPT, cEFfit

eR^K

fW*W ^53

TRTT^FT
^R^T-^T^R

1999

© !JTRrT "fUchK, 1999

ycf)T3Tcfr :

Wlf^F cTSTT rfch^chl OTTqt’T

^ - 110066

^ ^ : 68.CO ^
■qt^’JTl 1.46 ■^IcTT

^6 :

WIWtJcH, 
^TR?F U<<6K

Mr ^ Wtt :
RFRR6 fR7§R6 (fW)

cRTT cRFft^T ^TRTPT
1.

'rf^'^fr ws - 7, TRT^tsdtjttj

- 110066

y^i^R Rrt-r6
firm, HTRT ^RRTT 

Rifad dl§dH 
fe# - 110054

2.



t

’TRcT ^ ~RR m f^TW-TTTWT1? Wt ^ f^t rf^T
st^t 'HkcFi^ 'lnm3;ff ^ ^ f^jt ci^i^Th ^h-m (^ hr^t

^ STcft^ W[ 1961 ^ %5Tlf^6 ?T§TT ?T^Mt §KN^| 3TFM 
wht ^ i yif^r ^ f^rr orraiPT ^ f^f^r f^mf #

?T?7T 3Tfer ^TRcf^T §Kn<^ ^ f^TFT ^ 31^6
Mp'MlMI-^HT^ff, -9Pic^loff, MI6HMI‘3Tt cTSTT fcRclf^^ilHiJ ^TtPT t 
cf)T PftPt f^TT ^ I 3pph Ml^-^trlch, 5Ts£T-^niF, ^R'HI^I-cRt?!,
•9 9 P chiu’ 3Tlf^ yc^lf^TcT Ft ^t f I

MI6HHl'3fr ^ PT^W P ^ ^ ?2?R W I ^ F^t
Pm-wmt o^rtPIt ^rh Ft tot ttm, %tto sftr 
FT cTTpF 3nzTTW ^t fF^t TORT Pt PlfTO fTOff ^t F TT^RT Ft TRp I

srRpT ^Pr toPt ^t rPtct totot ^ 3PfPt toPrt ^ T^t I i 
F^RT 2-^ftcF Ref 2-HMphd FTRpRRT RT PrfTOT STpfpF^T yfcfPPt cp STSfpT
ferr Pi^ rto tot Per rr f 1

1
MT6HM7R,

t

IFR TOR1RTT Ri pTRRT RT. §9IM^M pTF RR Rt. FrT §TRt rPTcT 
^ch-^ciq R FR R^RRTpR Pm R^t ^t P

rPto rrrt r^r Pert 11
Ft RF t, 'FTO FRTFRR feR RR t ^fp RpRTR R^R PER RR 11 TORT RpRt 
RR RRRfpTRT RRRT RpRTRT Rot TOR RpRpT ^t Rf 11

FR RTRRTRT R fM R?t RTRRj RRRMr ^TOTRpt RR RRtR PERT RRT I 
RRT RT7R TORRF RRRT RT^R RTRRT-Rrpp RR RRtR PTRT RRT I I JTOE ^
to P rrtPtrP toP rP tM-3tM rrt PM-fM tjPtrt Pt P ^t r^ I i

(iii)

.4

3TOE ^ RTRT-RRTRR P TOTtR Rt ^ RpIR # PpR TO PtpRTR P 
TORR TOTlP ^1Pt TORtR PRT 11 P

5P Pt^rtr P Pe rPrr 
R) PTR RRRtPt PT^R FtPt I

Rp RF RTOE RfpR ^ Rpt RTRRpRToRTRT

P-71 <=»^
(FTo RR TOpR ^RR Pt )qitnej

TOR5T
PfTppRT RRT RRRpRp ?TOTRpt TOpR

RF PtrP
10 RRRp, 1999

Tivt



tto TRT 3T^ra"9T ^TTT ^HTcTcT, 3TS2T$T

t\o 3T^q.
y\r$m, i.^.£[.t

1.

^'|ch’iNc+) HKN^T 3TFRTM,

yto ^

tfflf^fj TJHT,
^ feft

2.

gto ^to^to
Rthim,

cRTT^T 1 
^TTTFRft

#o^to r^H^i
M6iPl^Tcp, 'MKcflq ^sllPleb ^§FT,

3.

4.

yto5.
<iTM Pl5lH f^TFT,

5Tto ^f^pT
^ 3mr^, ^tf^t fimpr 

f^jfcT^qpPT,

wmkrm
^To ^pfe

6.

(v)

jpifteFr ^ wkhMToHMT

?raH
^fo TFT ^FF^T ^TTT ^ftTOFT,

5RTK to^ jqf

ijfo tot^T

SRiRR q^'+i 
3ft TTTfotfto tofT 

PFFFF to§FF 

^fo fttoT^o 
PFFFH %?TT '3ft£|cblft

4)^*t|chK

3ft ^TMftTj cTT^t

(vi)



^ f^R fsf^ Wtt UM Rs^( ^ t i f¥^FT mR'MI^I^,
\ic;i^<ul ^cT mRuIIH Rl^RlRsid W ■SRdldl ^ 11

1. sRRr^t
2. 2-^f) AhRcL if ^o^r%T yRlfdd'Jil ^ Rsr f%

3. Hd^ld^ Rf^TRT

4. 2-cJMiy -HMRci ^ Rsr % yMd

5. ^Riwid ^RtR^FTT ^ ^HT 3tRrtttjt

ysRT wsm ^ g^Rr yRd^irq^ 11 ^fRt jiRm51 w° %^R 
^RT 3F%RRI 2-^te, 2-TTRto ^ 2-^Rmi dHRidl ^HT ^fRT 
SR^T ^ ^ WT RpTRT iTRRf R^R Rt^IRT ^ 
gg tor w I! ^RfcfRr orrfi R ^ [27], wr<£ [no],

W[552], gT3cf> [ 136H137] ^RTT FTlfRcT RR R?R f% gW ^ yRlFd^^l 
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2-MHRHrT TFT 2-«TRF| FRTFT RfR^T ^7T W 11 ^ tW
^T^TFlt «rFTM R^FT Rt^JR TFT ^TjxTn Rt^kT 3?R y!4y 
cqmcflcHuff ^ ^3 tor w 11 ^ ^r WT ^Fff R 2-^f ^
TRfrRTi qRcRff iFi FF ft ^f%Rrt R?tt Rf^ ^ ttRrt t#r twt sRrcreit 

[76] ^ OtRRF FT FFfF 
•ST^FFTT R RnFFT I :

2-^t^, 2-HH^d ttf 2-6)Ml<3 TTFfeFT 

FTFRf TT^FF Rt^TRT ttf ^TT£ ^T5 ^IFF^TF^

^F) TT^FF Rt^FIF 

2-'^0cb ^ F^- FFF 

^RtfrR $ ottRtf FT R'F^I

1. 2-^F, 2-HI-ift>d tr# 2-^HRgr

RTF FcftF FtFT | % TTF; 1928 R FFJtRtF FtiRrr RfT ^ FFT ^ 
F9F [116] R ^<ull FFF FF f4f FRlFIT F^Rk FFo %^T [58]-[61] R ^RcF 
FF FTFRfFT TTFfeFT 3> ^fq[q41q TTT^TFT^FRptrRf^^F?T: 2-^RcFTicf 2-FTFRiF 
FFfeFf £ FTF R FTFT FTFT11 zfim FfRF ^f.#T Rf^f ^FTTT RtfIRf RrgF 
^ STFW £ 3WTf F?t 5JFF fRfRf httw FT%FTTfr^F TTFf^Ff FT |TT 
-ST^FFH ^ Rft ([4]( [13], [21]-[23], [30], [34]-[39]
[76], [78], [79], [81]-[83], [98], [127], [140], [170] F [201]) FF FTFFtFJF 
3r( 1

TFH 3TRFF TT^FF X^RTF A'xA'xA'FTFTTFteFTRdFt 2-^tFT 
I fR d RtrRiRFF 5T^ F^ FFFT $ :

(F-1) Ft Rrf %3ft .t, _y Rtf X R ?RfT Rf^ z ff ^tt fftt otRff Ft 
^ d(x, y, z) * 0;

(F-2) fR rftF %3Tt a:, y, Z R R F5F R FFT Ft FFTF Ft Ft d(x, y, Z) = 0;

(F-3) d(x, y, z) = dO', 2, x) = d(z, y); FTt R FFRiR);

R-4) d(x, y, z) < d(x, y, w) + d(x, w, z) + d(w, y, z) (RrgTftF 3TFRm);

5^ (X, d)^ 2-^ftcF FFfe FJFT FTFT 11 (F-2) 3fR (F-4) R TW I 
R) d TJcF FiRFT 9tFF 11

F#FFF 2-^tF) R FFRtf FFTFFF Rtt 7TT Tt t :

FFTFFT-1.1 [58], FR xjt y., Zj ^$1: x, y, z $ ftZwz R Ft Ft FT 
3TfFFl fFFT3Tf F^t TjRvRtF FFfe FT Rr 2_^ fRftRf RR | :

[55]-[56], [69]

2 fRtf



1/22
1X j

d(*, )-, z) = (1/2) ltyi yj 1

z.' ZJi<j 1

mR^I^TT 2-^ft^ 2-^F ^TTHT 11

g^oT-1.2 [120]. ^ ^ X = {0, 1, 1/2, 1/3, }

^ITd:XxXxX->[0, qo)RfTWT qR^TcT ^ =

1 x,y,z n
^f^xr {l/n,l/(n + l)}c{^,z}%,

0

?R (X, d) 2-^ffa) 11

1.3 [120]. W $
X= {a) ^ {an: n= 1, 2,
ST5T a = (1, 0), = (0, 0), an = (1+1/n, 0)

cWT bn = (0, 1/n), n = 1, 2..........
d : X x X x X -► [0, co)

Rft ^

d(x, y, z) =

'3^TFvIT
}} u {b} u {bn : n = 1, 2,

Tift ER n ^ Rm {-’C.y.z}
= K.^n.a} K, bn, b} 
m RiRft ch ^if^f m, n$> Rr {^. y, z} 
= {dn, bn, am} R {an, On, bm}

3RIZfT

1

d(x, y, z) =

A(x,y,z)

z) x, y 3ftT z% ^ Rr^r c^t t.'Ji^l A(x, y,

^ (X, d) ^ 2-^H 11

3Tlf^TcT

3TSZM 2-^F ^ ^ (i-iffi} Tfflfeqr ifm: (X, d) 
t^T (M, d) ^TRT !Rf^T I

^ Wt tr^ Rl^n’ch ^ I ftRJ W ^ ZTF
Ft Rf^IFfit ^ ^1^ ’tt Ft I ^ ^TF Ft Rt^fTFRf Ft ^tcTF Ft Ft FF 
cfRft Rr^lf^f •‘tt FFW FtFr I 2-^ftFt WF FtFT zjft
F^t Rl^ll'cht Ft HT^T FTFF Ft P

2-^F FFfe XFtT ^ ^FtF (xn) 2-Ftt^ft ^T^FR (FIHMdFI, Ff^ 
F?t $nF?T F Ft, Ftt$ft ^FR) FtFT FTdT I F^ X ^t F^Ft % a Ft

d(xm. Xn, a) = 0

FFfe X^% xFT 3T3FR (xj 3tRtfRf FtcTT | xFtt fF ^T^FtF 
c^t tftFT FtF^ f FfF X ^ F^Ft a ^

#FT n d(xn, x, a) = 0
(X, d) Ftt ^ 2-^ftFt FFfe FtFT FTdT I Ffc ^ F^Ft Ftt§ft STJFTF 

T[cF OTHdlff ^T^FtF Ft I

% % Rtt# 2-^ftFt HFfe ^ ^TRmRd Ft% FT^f F^Ft -JT^FR 
FF F>t^t FtFT RIFFFFt F^t I (^1 FFTFRT 2); FF^T (X,'d) FFT 2-^ftFt FFfe 
I FFT R^FtF {1/n} ^F FT ^tRrtRf FtdT I Ftg {1/n} Ftttft RJFR F^f I 
FFt OFF FFTFTF (^t, FFTFTF 3) 3 FTF^-FFTF [120] ^ FF f^TFIFT fat Fft 2-^ftFt 
d RJrFF X FT FFF Ft Ft FFfe X ^ ^tRtfRf Ft% FTFT FFtFT 3T^FtF Ftt# 
FtFT t FTg ?FFtT RlFtn TTFT Ff?t ^ I

FTF FT L FFT ^ R^IFt fcTFTFT^t ^RFFt FFfe t FFT LxL FT RFF §Tcff 
Ft FTF II., .11 TTcF cJlFlRlF) FtFF ^ :

(F-l) II a, b II = 0, Ff^ ^FF Fft a ^ btfeFtF: RTRtF I;

(F-2) II a, b II = II b, a II;

(F-3) II pa, b II = Ip I II a, b II, FFT p dlFiRlF) FT^TT I;

(F-4) II a+b, c) = II a, b II + II b, c II;.

FF II., .11 Ftt L FT 2-HMpKd TTcf (L, ||„ ||) c^t 2-FH^)d FFfe FtFT

^tFT m, n

I

4 Ff*TF



jTTrfT 11 ^ fcfj II., .11 TTc^ ^uld< ^ ditdfc|=b ^<941 p ^ L
^ Uc^ch x, y ^ f^r II x, y + px II = || x, y II

3T^RT ^T ^ L^RT 2-RRte Wftz ^f$fa
I

2-HHRhd R^rfe: L ^ {Xn} cjfcft •3T^sFT cEFT ^TTcTT I
L ^ tRadid: fddd 3Rdd y cf z ^ Ft %

II xm-xn,yll = 0^TT m. n

TftTTT 11 Xm - Xn, Z II = 0
2-HHRKd dnRd L tR? OT^Ff {xn} ^rf^RTlft cfjFT 'dl^dl L 

^ yd^ch 5RRR y ^ RnU, L tTcft '3R?R x ^FT 3lRd<d Ft

#CTT n II xn - x, y II = 0

zrf^ 3T^tFT {Xn} dH^d L ^5 Rhtfl x ^TT Orf^dRd FtcTT Ft rft x ^Ft 
FH 3T^tFT cj^t (Rdl cFFT dldl ^ I 2-HHRFd dH^d L «Ft 2-dMK$ ddRd cFFT 
'Jlldl ^ ^fcT §d^ ydt>4) cffaft 3;[^fFT RcF 'STf^RTTft Ft I

^RTF^T 1.4 [201]. FR E3 F=nTT f^fcpfRl df^$T TRfe c^t yFf^R f^TT 
'dldl ^ I HM R

m.n

x = (a, b, c), y = (d, e, 0

II x. y II = I x x y I.

rR (E3, II., .11) 2RHR? 11

(L, II., .11) 2-MHRbd d^Ri Ft cR ^HRd L^TT d(x,^, z) = II x- 
z, y-z II TTcF 2-<j(]<4> Hft'Hlfad feR '311 <lehdl ^ I F^ 5R>R ydJch 2-tiHRbd 
wtfz 2-^fte RFfe ^ | FW f^T ^ ^RT 11 FM #
[23] % FR yRfelfdii] cFT '3R2RR RFi|| Oid^d R=F 2-<jfl<4) dHRd 2-dldf^d 
ddRd Ft fR^tt 11 2-MHRbd TR 2-dMI<$ ddRddl dftdlK ORR^T % f^R 
([21], [23], [34]-[39], [59], [61], [98], [201], [208]-[213], [215], [218], [220]- 
[221], [223], [227], [230], [232], [233], [238]-[241]) W 3R#^T ^1

dPld 5

2* ^MKst TT^FT Rt^Min TTcJ c^nch)

f^TT % ftRSJR 7Tf%#T f^lTR ^ iicF 3TR^F f^TT | 7ft 3T^RRf 
H '3RcR1-FRTcFT d4W'Jif, ofci^q cRf, 'HlR^frl-^, fcT§^n[(

fNr7! fd^id, tte ftr^jR, dPd^dd ftRyfd, orf^Rf^-^^ddd ddldd

3l1^sR, 3TfmrfMt TR 3T?f§TTRr ^ §t^ ^ *TFR^[ f^TT T^t I, §T%: 
5Tt: felT % 3TfRR R F^t RR ^ ^ f^Rf % 3F^W.TR tTf^d 
FR ^ ^TF ftR^TR 5TRTfjR7 7lf^R ^ RR ^ ^ RFT WZR
^ srgR ^fRrr f^rR m\ 11 sufa rfR F$Rf ^ f%f^r f^rRmt w, 
^T3?R dlf^idchl, ^ftcF, 2-^ftR, 6|MI($, fF^R^, STlf^RRRR), TR Rdf^d
RlfRRf n feTT %3ff ^ RfR ^ RT 5TlR Rl4 % fF^ R%R RR^
^ I fRJT RRf 3TgRpff Rl 3RR |IT RRt t RFR) Wff ^ gf^ Tyf^iff 
^ felRT fRRT RfT

3TRT

19 10 R TRIO RRT ^HTT RF fdlftd tor W ^FcF tTT gftdlf^d

TTfdFlfRF RR RR 5d-i RFRtRrR RR OT^RRt RT RfcRRR RRRR ^ 
tR-^-JFR [209], ftfF-9RT [237] tR f^F-RTRRR #RRRR [233] R5T RRRTRR 
feRT RT RcFRT 11 S^R FRR RR 1922 ^ T^RR RRRR % RR^ RfR fsfg

R^R 3RR^ R FRRT R^R FR ftRT % R^R ^ ^5 3RR WRR^RR R^R 
RRRT 111^RT % %RfR RR Tf^TR RRRt^ft ^RcFf cfr f^R ([12], [43], [67], [71]- 

[72], [85]-[86].) RR RRRtRR Rt I RTRRR R?t RR) 3TR$t oi)c|41 ^g’RRJpTT [219] 
RR RRR OTRRTRRtlR F I

RTRFR 7R§RR ftl^RTR

Rf? (M, d) RT RR) RfRf^RR T^i f^R RRJ RiRRT f^RdlR
1 RR FR RRRT Rlf^RRT. Ft fR> M R) R^RRi x, y ^ f^TR 

d(Tx, Ty) < kd(x, y)

k <

Rt-TRRR
M RT 3Tt^RTtt RfrrfRRR RFT R1RT 11 t ^F OT^TRlft Rfclf^RR R

11 Rf^ k = 1 Ft RR TcFt RRfeR)FT R1RT
d^d

6 R^TR



yfrlf^',ll % 37ftr^

^isH< [II], 5ll^ =v [15], [65], 3TTT^T [791.
[70], cfcch [101], [ 123]. 7t3T%?T [151] ^

fm [ 172] m ^ t, (sTraift-^fr [i],t [7].^r#r-TnM
|16],feHit-^ [38]-[39],^Tt 
%? [68], [74],^fr-frrcJTfT [106],^T7T-f^ [109], f^T [110].-'TT^T
[111], W-fmr [113], TO717 [119], FRcTT [157], [164], f^F [195].

[197], clFT [202] ^ M [204] ^ ^1 ^), ^371 ^fTTW I Z&F 
tinfe. TF yfcifa^vl 
fsTg l W dffixlrf WlWT $ fa Tz = z.

. 'II4d-fr^ [67],

t ifaftRT^TF Rl^ld slMl<5 fH^TRT (qiHTH) ^ 'TFT H ^tmt 'Jiini
felfi if 4WRl Fcf oljih^|(+k'J| ^ [4wK,Jl 'FT FT7T ot F Milfkl 3TWFT F3TTMM

I [l]-[3], [5]-[ 12], [14]-[22], [24]-[29], [31]-[33], [38]-[54], [57], [62], 
[68], [70]-[73], [75]-[97], [99]-[l 15], [117]-[126], [128H163], [165]-[196], 
[ 198]-[200], [202]-[204]-[211 ], [214]-[217], [221]-[231], [233]-[241]).

m yrfnr fftt I 
2-^F 3FTfC7 qx TllTTf^T fafe 2~^tt TFlfe: (X, d) FT

k6(0. 1) 471 ^TTT 3Tf^FF Ft X ^ x, y, a4t 1^7 d(Tx, Ty, 
a) < kd(x. y. a)) FfTFlfFTT F7TT gq FF f^T f^FFT W f^F 2-^F TTFfe
FT FftFlfFF FT^FF TFgFF Ffrrf^TF FF FFi ST^TcftF f^TT FtFT F I

TFTFi FTT FTTfFTF FFF ^ 2-^F TTcf 2-FTFf^FT TTFfedt if ft^JT f%^f 
^ 3dT7FF FT ^FFF FTT TTFITF §3TT ([78]-[79], [81 ]-[82], [160]^ ^tsf) I 3T^F 

I fFT FF Fttet F 2-^tFT TTFfe FT FftF^TFT F^t FF FFtF FTT^ fTFT 
FF zrfam fFTFT I FHT FTftF FtFT I fFT TT^FF FFTTT Ffcrf^fl ^T f^TF FTT

I fTFT
fF^ fTT^FTF if TTFfe FT 3TFFFf ^FTTT TfFF ^TFFTF FT! FTt?tt FtFT FT F FlFT FFTF^JF 
ijfFFlT '3TFT FTTTfT 11 FTT FftOT ^ f^TF f^TF [168]^ 1979^ fr3T%TT [150]^ 
^FT TTFTT PlMRiftad F^f^lFTT TFiPld FtT f^TTT% 2-^ftFT TTFfe FT f^JT f^'3Tf 
cd ^F^TF FTt 3TTFF FFF FFT fFFT :

7

' \ IMIRP-

F^FTT 2.1 [168], FTF^f^f 2-^tFTTTFfe X^T {yn} 11
FF 4T^FTF {yn} TTFfe X FT Mt % FT OT^TTTf^T FtFT Ff^ FT^FT n Fftr X 
^ FTFF) a^ %t he(0, 1) FTT ^TTT OTf^TTF Ft f^T

d(yn’ yn+r a> ^ ,id(y
FFf FT FTTT Ft F FFTTf$TF f^fF-FPptt-^FTT [179] F?t f^H^f^d F^F 

FFTFIF FlFTl FifF ^ F^FF TTFTF PTH^lf^d WT? ^ | *

• yn’a)n-1

FTT 4?vl(d FTTFT

X ^JFTTF cftF %3tt FTF T%FJ TT^FF FT f^r F^FtT 11 N FTT FFtF 
FTq^RF TlWFf FT TFpTF ^ TTF di, (Y, d) FTT 2-^ftFT TTFfe FT TFT if X^F H 
= (h : [0, oc) -> [0, qo) : 3MR TTlfFTTcTF ^T^TTTTFTF I tr^ h(t) < t, t > 0}. Ff^ 
SFFT PFFfe YFTFRfeTFtFFc(SP)FTtSFFTP^TTFTTTTtFTdtf%3ft 
^ TTF«TF FT T^F if F^FcT RTTFT FI^FT, 3TFf?J e(SP) = [z : Sz = Pz}.

FFF 2.2. FR 7T X FcF TFFJ TT^FF t, Y FFT 2-^ftFT TTFfe OttT 
A,(|eN): X —> Y t. Ffc FfrlfFFR S, T : X->Y ?TT FFTR f % A^X) c S (X) 
o T(X), i cN FFT TTFTF x, y e X, a ey, i, j € N i?tj ^ f^r FFT H % %dt 
h FT frlF

(2.2.1) dfA^, A y. a)

< h (3Tf?JFTFF [d(Sx, Ty, a), d(Sx, A(x, a), 

d(Ty, Ajy, a), l/2[d(Sx, Ajy, a)
+ d(Ty, Ax. a)]}),

FFT S(X)nT(X) TTFfe Y F?t ^ FFTTFfe t FF FT^FT ieN ^ Rtit

(2.2.2) A( #T S( F TTF1F

(2.2.3) A_ 3fTT T if R3TF

FFT FfF X = Y 3TtT FFFJ; A^ S (FTFST: T) ^ TTTF QA^) (FTF9T: C(AjT)) FT 
FtFT FF A (ieN), S 3ftT T FTT F^MfW % ?tFT I

^TF FTftF FtFT ^ RtF-FPj#-^FTT [179] F^t FFF F^F 2-^ftFT TTFfe 
FT Tt^pftF FFTR ^ Ffdl I TFT ^ 3fdt FFT FTF 3Ttt rffamt % RTFFT 11 
?TT% F^ FfFFTF FFFFF F FF F FTFT RTTTT FT ^ [73]t [97]^
[102], [120], [150], [169! F [182] ^ Ff^FTF FFF^F ^ T^iF FTFT RtTF 
TTFTF f I

8 Ff^TF



2.2 HS(X)nT(X)^mfe Y^t I” %
<tt "Aj(X) ?Rfe y ^ %” ^rc y^i «ft ^ wt
yiM ^di % i

5^T 2.2 ^ f^RFT ^Ro[?ff tr^ crRttti ^TJSr^Rff ^ Rfe'^TTT^TPJ# 
cRT JFT^ [179] ]%5t^rT: vJe^^T ^ I ’ft vS^ftjspfftl t .1% 2.2 ft dftcRT
•T^f Rimi jN! %.

3. ^ Rl^W

yft^i. ^ ^ftcF (M, d) ttt ^r-yfftf^ff f y g % ^
P»Mcti«h k < i ^r ycfnr ■sTf^r^r f!

(yf-l) f(M) c g(M);

(^T-2) d(fx, fy) < kd(gx, gy), x, yeM;

(^T-3) yfcffft^l g tldd Ft;

(^T-4) yRlfddul f 3ftr g sFyf^ftftftt Ft;

cR dnRci m ft yfctfaspr g ^f^fty ^*rRm R^( f%

MdTdR)

TQft ll
W mRuIIH [87] cJcHTT 1976 ft yfrlMlRd tol W I

(tftftq f^Mt: yftR^if (^r-i)-(^-2) $ arsfrr ^ yfcrRmt %
ftw f% 51WR [64} ft 3> mR^HM ychlRld Ftft ft ’jft =R RRT 
m cRifft ftm- yfttcT Fftn ft ^ ^rt mm fttft^r [64] ^ ftw
yft^r dftt ft i cj^cT: fttftei ft wmftr 4tt yftftr ^Rft ^ fft^r ter ft Rr 27/ft 
yvf cfficfi twf&d qz
cFTM^m^mq^f^qz mm $tm ft- M ft ft ^ ftft 

ftjzcFT drffrm 3m ft /^ fz = gz I dft 1983 ft ^ yidf ^ ^Rh WT 
tT^OTT^TO fftF ft ftFT ft (cfRTFT) ftytofttO^ftyF^f^W^TR 1968
ft ycRiRicr fttftcT ftyid mm ft yfttftd ft? fh y§^r ^rt ftto ^r ft cr wtrrr 
ioi< Rtdi ?it 1}

g

-^tRr 9

Jr % ^RT mR^iih ft fts^qftftr tft^SIRT ft ^ ^ fft§TT 3ft 3RT fftyi | 
3^d: JR 33 333 hR'-mih 33333 fftft [163] ^3TTT R133ft^3 §33 I 3R93RT 
33133 Jlfuld5li ft JR 333T 3t 
([18H19], [24], [29], [33], [40]-[41], [47], [50]-[52], [54], [57], [73], [88]- 
[91], [93]-[97], [102], [ 104]-[105], [112], [117]-[118], [120], [124]-[125], 
[ 128], [ 132]-[ 134], [ 137]-[ 138], [ 140], [152]-[156], [163], [165]-[171], [173]- 
[175], [177]-[194], [196], [200], [205], [214], [217], [235]).

JR 5RRR 31 3J33 Rl^lcl ft yfftRRftf 3ft sRRrfftfftftydT (33TT (3T-4) 
373) 3ft f?TfsR3 diH 31 3^5 713131 33171 Rh1^ 33 I ^TTTTlftt dRldsi ftm [156] 
ft 33^1 313f3fftft33T, Jr [88] ft ^TlftcTT, fftF-frRlft [189]ft 3M3lft! sRdRlRlftddl 
3 31331 [ 137 ] ft <^H* 31

SIR f33 | (33f3fftft3rrr ^ 7373Tf 3ft 3^313133 33 F3^ 13TT37ft
TRftf 3T 73F7ftt F^ STRlftl 73F 33 333 31J3R ft# |) [87] 3l 133ft mR^IIH
31 fdMRiksJd wRcid Jr 71^33 fft^lRT (ytiftf) 3l ftlft ft ftlft ftlft 11 (TSftTFTftlft 
373, [189], [192])

RFRR

JlT yftlft FTftT | Rr Jr [87] 3ft yftft 33 2-Jtftl Tlftfe ft 713333 
[3773701 1977-78 ft 93R ftRl fftF ^3171 fftl3T 331 (ft# [166] 3 [190]) I fft 
1713313 33 2-Jl31 73^93 333 2.2 ft ftftRffftft 11 FTlJ 313 
RRftTftn 3 3R3313 fftRpft TTftfeftf tJ ■,[18],
[25|. [54], [57], [94], [95], [97], [102], [ 105], [ 117]-[118],[120],[140],[165]- 
[171], [173], [181]-[194], [199]) 1

JftR 713fe 37 ^Tlfft [235]. 313 ft X 331 7335 TftpR I, M 
Jl3! (1 - Jt3l) 7T3fe q, iftl yfftRRftf 2, f: X —> M ^ fftft 331 3317331 fft37ff31 
k < I 311 3lf77TR ?3 331R # fftl-

(3-1) f(x)cg(X):

(3-2) f(x) 31 g(x) 33fe Y 33 331 ^3 33713fe #;

(3-3) d(fx, fy) < k d(gx, gy), x, y e X.

33 g 3 f ft 7733 I, 313171 X ft ft31 ftft % z 311 3lf7ft73 31R FRl I fftl 
Iz = gz. 31733 ft, X 31 37331 xo X ft ft3! ftft 3RfR3 [xj 33 3f7373 #711
I fftl-
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gXn+, -fXn’n = 0’

X ^ ^TT ^5 z ^dl % |fxn} % z ^TT
^tlRi FtcTT I cT^TT fz = gz; 

d(gxn, gz) < kn d(fx0, fz). 

ajzi:, M = X cTOT f ^ g {WZ) z 
ftqr % 11 (^^T: ggz = gz = fz = ffz).

(i)

(ii)

(iii)

z 'TT fcrf^T z ’TT ^M^lPlA^rii (W
^^T/R-J^T s+iHR|Pl»)'Md‘l) ^RcRT Ffcft 11

2-ffteF Wfe ’TT ^T%. HPT ^ X TTcp ^57 TT^PT t Y 2-^fPF 
3ftT yfclfcM^lt 2. f: X —> Y ^ ^5 yHTPPP [^PIcTPH k<l cpT 3Tf^r

WT F) (3HtT) (TT-l), (TT-2) W?IT FPTT t-

d(fx, fy, a) < kd(gx. gy. a), x, yeX, ae Y. rT^ !&?. (3T21T^ cjffav 
HHfe HT TT^fl fHWT HPT t, (iii) % HTR HT Y ^ yp)cb a

PiMRll^rl ^)f pf—

thrift, (f^rft HHfe M HT

^HMonT,

d(gxn. gz, a) < kn d(fx0, fz, a).
zpF H^ER EFT Hfm. FM ^ WF [234] % R1 (HTHTf^PP 'W\) HI

PT5Hm'jI PH ftPcicKi rTH HTpP HFPT^T HftSPT y44 HTPTTPPP
FH^ OppPftHt HHT 4^ % I

Hftem [235]. HPT <rf ga ^ gb ^ HTH [a, b] H7 g H f 3PPT^pfrH 
Wyfdr^4ul f I fejvtft ‘‘ft te(a, b) ^ f^TH f(t) H g’(t) <PWI 5]^T H^t 11 HH 
[a, b] HT ^H yfdI44«T {f, g ] H^PT I ifx - fyl < q Igx - gyl) nfc

nfe ttek cPTPHEP fHHrTPP q< 1 EPT ^TTHTHT #=TT I fEP (a, b) ^ HREF
x cfc fvTH

If (x)l < q lg'(x)l.
[FH HHH H [a, b] H (a. b) EFH5T: W)J.\ H 3PTTTH ?3 IP 11[

hPth 11

4. 2-^fbK ^ ^IT cfv^

I8H1321: [1?"1185!'12091 [2171’ f^3]* [209]* 3^ Wsr) * anate 
H «tj24i]H grterPHEF 2-^ nnfe q5t i fh ^rf^m
HHfe $ cffim TpTr-^ CRT f^pr %T-^-^PT [209] FTH ^ ^
$ ^ OT^FJcT 11 %T-gHfH [20], «H [218] cWT f^F-H^R-^t [238]-[240] 

HlffePHEF 2-^frEF HHfenf 3 pcf yHlff yf^piff ^ f^R f%
yM ^ 3T^ EFT ^ 11 (^ [ 2 j 8 ] tTT ^
'STERTtETPftH ^ |)

EftoTfto ^ [210]-[211]% 2-^(]ch c}5t dil^H ’STf^'^friq)' (vBTqf^ cftH 
ERf H HHlntrl PEf l^^ftTT ^RTfiTEFT) ET)f EFT pff ^ gir HHT HRH Hfip^^pff

((?-!) ^ (7-2)] ^ *fef=r ^ ^ sroc * 2-^fte *f amOTT
STOpT *) I, fbj% ait [210J-[213] % D-^fte ^FT | (*t [230] *) I *TH * X
^ ato ^PII aftr D : X x X x XR+(Tte ^TtT) sw I %_
(R-l) D(x, y, z) = 0 3ffr e^t zrf^ x
(H-2) D(x, y, z) = D(x, z, y) = D(y,
(R-3) D(x, y, z) < D(x, y, w) + D(x,

(X, D) EKT D-^fpF HHfe ed^t tteTT 11

D-^ee HHfe HT f^R % ^ TTcf 3T^pfPff t 3T 
[2l2]-[213]iTEf ff3TtH [230] E^ ^ f|

= y = z;

x, z);

w, z) + D(w; y, Z).

eptWPT

5. ^ <sl ^

X ^ T (P^ H$44)q Epf ^
ET-HTHTETW) F^ RHT HHH HHHfoT if HF HPIT HHT %EFfcPR

d(xi, Xj, x,) = 0
EJTFT X e£ fcF<Pl firg xo HTfTHTfHrT ^RT^TEFf ^ EFSPF,

12
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l\,;Xn = TV.'n= '•2- |
^ Xj, xj( x, 11 ^ mm mm:

[76] % f^TTT fcK IF FfFRFT % ^l<ul yidR<^ul F 5^5 Ft '4ldl t,
^ | S2JH ^ 4lJi|

| ^ FFfe X ^ 3t^ ^ 3T^ 9tFT^ T ^ ^ M <
mwm% F FFfe XFTI ftF-^FR-Ft^tt [179]^ F^t [221]^
2-^ FFfe ^ f^JT y^Tf ^ ^ FFFF FfFFTFT [76] ^ IF f^Mt
& fFTfcTT FT FtUFFF F^5T W9T FTFT 11 F^F: [179] £ FUFFF F^FIFt 
c^t F^t Flf^F fi'-Mytt Fit R^l't ^ FFiF FcftF FtF ^ (lit [22! i ’tt) I
ifamtft ^ if f^rtt Ft mm mm 2-yrfFFFFFF; ffM’t7 ^ ^
Tftr cfifcFTF fFTT % FFFt FiT fFTFR FFF ^ 3^ ^rt ^FF FFFT Ft ^5 
FFTt FF OTF [218] FF FFTF ^t TFF: 3F<tFFF 11 FF FT^IF FF F FFF F 
Ft F^t FtFT tFi Ff^TF FI FFTT^tF F^FTFT [FT^F: FttiFT f?TF F'TTFF FTF 
^JTF mm* TFFTFT 2-5 FTF 1998, FfFF ftFTF, FF?t % ^ tF^FTFF,

2-«

quri
f% FfFF ’[F Ft3J27■gjo tt°FFo f^ttFt t FlFF)-FF ^ FTF FF) FFT F ^ _

fFITFT Ft FI fFFT FFFi fF^JIF t 2-^ FFfett FT FtF^FFt F: f^FT % 
ytFt F: m?m Ft ffff fftfft F i fftft ^ftf

^tFj FFfe FT F^FlttF TFFtFftF^F FTFfF FF FFTF ^sTTF ? I

FFTFT

15 FFFslF)

13fHf
A'

iftctF 3TSFTF

2-'^Tl=h if ^

^ ^ sraf * 2-^fte ^rfe if ferr
I

^TFHi FF FITFFF1.

FT FfFfFF’Ft ^ ^FT % FFF 

FfTFF 3TFfFFF3t Fg feTT % yFF 

■qFFF FfFfFW fTFT f% fFf 

?FF+ FFTfFTFFtT yfci(Wj[|' ^ felT yFF

2.

3.

“1.

5.

14
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1. mR'MINIM

1.1 [156}.
^pT :3TTrrT ^ M ^ y^cf) x 

d(FTx. TPx) < d(Px, Tx).

M yr yryfcrfyipfr ^ f'pT, ypg
^ y<Rfd ^[rTT ^ :

1.1 [156]. MM M = [0, 1], d Hh ^(l^) ^ <WI
a > i ^ f-^H y<+)K yiftyif^r

fM^ddqT

Piciin yrr ypy $1 hi 3TTy?‘yyi ^ i w ^Hpifed

I :
Px = x/(2a + x), Tx = x/a.

': p ttcj t ^ y^ yyiPify^ft ^ i

yf^yyi 1.2 [120]. yry ^ p^ T 2-^frr; (X.

'PWcT

I, yy
a $ Piy

d(PTx. TPx. a) < d(Px. Tx, a),

y^ pyy Tyyfe y^ % yr yfrm yft yt t
fhyPiPi^4} -jii^ 1

yytfyfyy^r fPtt 3Tiy?yyi y^t 1? yyfT) ?yyy fyyty y^y yyr ^ ;
PrRfyPyy ^<(6^1

1.2 [120]. yH X = {1, 2, 3, 4} yqr d:X X X X X 
[0,00) c^t PiMpifey yyyr yrfryrfyy

yyipry

yf^ry 15

0 x = y yr y = z yr z = x yr 
[X, y, z} = {1, 2, 3}

V2 3Fyyr.

d(x, y, z) =

yyjiT yrf^yf^y y^ :
SI = S2 = S3 = S4 = 2
yyr

T1 = T2 = T3 = T4 = 3.

(X, d) yyr 2-^ftyi yyfe t #r s yy t 5#^ yrytyfy^l t yrgyy
yryPify^Jt y^f 11

1.3 [189], ^yyfe(M.d)^-yfM^Rf'pyTyrtyqyiPry:
f^PrM (M ^yr [88] ^yry gyyy ypr yiyrsbMftPiA4] yr u-yyyiPry: VO*1

I) yrFr yrtyir yfy 3ftr %yy yf^
^dCPTx,,. TPxn) = 0;

^r x^r {xn} fy yyrn- yy argy^r lf^x^f^%u^f^y 

Px„ = Txn = U.

§T?f (*) yrt yy% yr?r 5#^
C)

PrfWt yftPm yyyFP^yyr
TwPry: spy4
yy yyr ptyr oyy^yyr y^t | :

^TFyy 1.3 [177]. HMi M = [0, co), Px = 2x2, Tx = 3x2 yyi M 
tt d Pr^t yR ^ftyr I, yy

d(PTx, TPx) = 6x4

d(Tx, Px) = x2-
RRyyr M % x ^ Piy

d(PTx, TPx) i d(Tx, Px).
py t^t yyif4Pit>4} y^f t, % yf^ 

x„ = 2-nyy

16 yftry



Px0 -> 0, Txn -► 0, d(PTxn TPxJ -»• 0
faPK*l4l u = 0.

[88], [152], [177] ^ [189] 3 f^JT W %
3TO3T ylclf^FT {P, T} ^ FR
ft % tTH.^. fH?' MR 89h : 54030 7,1 L4)
^ f^fir y]q^T7 ^ $ ^TT^sT [90] ^^TTR^t^T ^ WW T&i ^i^ul ^ §3

^ yPiPMui ;sn^spw»
^wf^RT: thMpiPfAMdl (^T ^PTcRTl) ?Rf ^Vj[^ ^7% ^ TPlfe 3

{xj ^T l^tf^lfcT^ f ^ g ^ fcRftT: ■gTFRT
«h^l ^TT ^ I

^lT P W T u-\iMJllP^d'-

vj<l67m 1.4. ^IFT M = [1, cc), d =Pn^T HR ^F, cTOT f.g:M->M 
lT?f fx = 1 + x, gx = 1 + 2x. TWcPIT 

d(fgx, gfx) = 1 < x = d(fx, gx).

'SR^, f ^ g 5^1 sbnl^PlAd] ^ tinfe M ^ [ XD) ^
3rf^ f^RRlT f^RT^ f^RT g^TRPT yftPr^l ?t 71^1

Mf^mi 1.4 [177]. *THT P ^ T 2-^ft^ TRlfe (X, d) ^R 
T^-gfcTf^T I cR P^R T^t XT7 ft)Mp(P»^4] ^T ^TRTcT oTRPTT

altr ^ x ^ a ^ Prt 

7fPTTn d(PTxn, TPxn, a) = 0 

'jl^Pb {xn}cX fR TOT «FT '3T^jR ^

TMn Pxn = T^nTxn = u.
yf^TNT 1.5[154]. RH^^TRlfe(M,d)yTS^T^T^-yfrl^FT

I, TRtfe M $ SFpFT {xn) cRt S % RT^R RWpTR: T-PRlPTR TO ^i^Rl 

TftRTn d(Sxn, Txn) = 0.
yf^llRT1.6 [193]. RFr^2-^FRRfe(X,d)RT SRRTRtTR-yiclf^RTir 

11 RRfe X ^sFT {xn} S % RT^R RWpRT: T-Pl^P*d TO R^ 

X % R^R) a ^> feIR

TftRTn d(Sxn, Txn, a) = 0.

17Rf^TR

yftRIRI 1.7. [137]. RTR ^ RRfe (M 
% RR RRfe 3^^ (xj ctf S £ RT^R
RlRRI RfR

TfRR: T2" fRRfRR TOOM7!

T^tRTn d(S2xn, T2xn) = 0.

yf^TIRT 1.8. RTR (X, d) trcH 2-^pE RRfe | RRT S TTcf T RRp? 
X RT Rt Fr-yfd^^^i f | RR RRfe ^ 3^ {xn} R5t S2^ RT^R RRRlfRR: 
T2“ Wrr To RIRRI Rf^ X RT Toe a fRTT

d(s2V T2xn, a) = 0.

£, RR ^RR (S, T) Rjt RRTfRfWr TO RTTRIT Rfc M £ y?^E x ^ felR 
d(STx, TSx) < d(S2x, T2x).

RR R^R RRT f)*1l 3RR§RcE R^f ^ | RE PlHplParl xJRUTRR % REf^fR EtRT ^ :

RTO^r 1.5. [137], RR 3f M = [0, 1] Pr^R RR ^E ^ RR ^ 
RRfe ^ I M ^ y^E x RJ pfir S IR T PTRR^ RlftRlfRR | :

Sx = x/(x + 2), Tx = x/2.

RR S RR T RRfRfWt | RRR[ R)H^PlA4l R^t 11

2-^ERRfe (X,d)RTTR-yfclPi^ SRR T^Etj#* 
PrfWt TO TORT Rf^ X ^ yc^cE x R a ^ pR

d (STx, TSx, a) < d(S2x, T2x, a).

rPrrt 1.10.

^E RRfR RT PPA4l RR ^RRlfRR: tERpJp)t)i[| (777 
ITRR) yfRfTOff ^Et 3lf^E RTTO TRT RT 3RRRR RR^ t T^?R R ETR Pt R 
RTTo^tb tfR- [225] ^E R^ Rp R^ yfMRRRf TTpRRSR pERT Rf 
PRHRR ^ (^Tf [226] ^)-

fEM

RRTR?RR:

R^W 1.11 [225]. RRTRT^E RW R ^ Pttt ^pE RRfe (M, d) RT
TRy^fTOft SR TcEt 5^R RrqfRfrM <EER I Rf? M T TOE % x^ 

d(STx, TSx) < Rd(Sx, Tx).
yf^TT^T 1.12. fR^FT ERTREE TTMT R ^ [RR ^fpE TTRpE (X, d) RT
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f S cT TcEt fo# % x^TT ^Tl ^
X ^ yr^H a ^

d(STx, TSx, a) < Rd(Sx, Tx, a).
yfc ^ 5R^ 1^5 x yr yfrr^i ?t tft ?t ^ s^Ty^t r-j^t

5hH^iPiA4) ^iiyjii i
1.6 [225]. RH M = [1, ao) f^TT^T RH <jfte I FFT 

M ^ y^6 fef^ x ^ S yy T MlR'Hli^'l ^~

Sx = 2x - 1, Tx = x2.
R>2 ^ FTF S T T R-^ t, S F T s6hR|P|A41

'd<il6><ul

ll

FFH 11
(FFT^T/R-^F/FwRlF: FFlf^f^FFT 

3TFfF) wtfZ $ # fFF^J Ft% ^ FOT, [234, 'Jo 64] % SfacT f^FT
tFFf^f^FFl ^RlRlH

Ft ZFT 3PF ^ftcH
fcTFtF ^ Ft FFiFT 11 FF F?F PlHf^f^F FFTFFF ^ Fftp?; FFF FtFT I :

1.7 [234]. FTF^Z=[l,oo)FFTZ^ Tr^F x Ft f^r Sx 
= I + x, Tx = 2 + x2. FfF Z FT RTFTF FTF ^ftFt ^ Ft S F T fFFtF FH ^ffF> 
FFfe Z FT 5#F FFrfFfFFFT FFt 11 FT^ FfF Z FT RtfFFF ^ftFt Ft S F 
T fFfFFF ^ftF) FFfe Z FT R-JFF ottT (^tf^r) 5% FTTfFfFF^T Ft FTF 11 
[fc<[c|cKi ^ttF) FFfe Z ^ d FTT FFFT FlftFlf^F FtFT ^ Z ^ F^F> x, 
y ^ d(x’ y) = 0 FfF x = y FFT d(x, y) = 1 FfF x F y RFF Ft I]

:, 3TFFt ffff

FFTFFF

2.

197 8 ^ ^ [27] ^ (M, d) FT FfTFtfFF Ft Ff^RlFFt ^
fFF PinRlR^d F^FF % 3TTjtF ^5 RFT ST^F FFF fF>F Ft FTFF-FTF 
[14].^T [26] (FF 3Tt^F FT fF^F f^Mt ^ ^3TFF [146] ^f) f^TT [47],

FfFF 19

^ 9RuIIh1 Fit f^TFTFF FF^ft f I 
(*) d(Sx, TSy) •

< k(d(x, Sy)) 3TteFF (d(x, Sy), d(x, Sx), d(Sy, TSy), Vifdtx, TSy) 
+ d(Sy, Sx)]};

ytFT TTFTF x, y e M FFT k FT^f Tt P - {0} FT vHFtt TTT^TTfFF ^ '3ttT 
P - {0} % SR^F) t k(t^ < 1, ?TFf P = [d(x, y): x, yeM}.

FM ^t FTFF^ [130] % ^F [27] % FRFTFf % FFFtFT FFt Ff 
FFiTT F?t TT^FF 9TTf ^ F§® RFT F^F FFF f^jF I

(**) [d(Sx, TSy]2

< k(d(x, TSy)). tffaFtFH (d(x, Sx,). d(Sy, TSy), d(x, TSy). d(Sy, Sx), 
% d(x, Sx). d(Sy, Sx), ‘^{d(x, TSy). d(Sy, TSy)];

'FFf TTFTF x, y.€ M FFT k FTF % P - {0} FT FFRTTfRt-FFF I ^ftT 
P - (0) ^ FT^Ft t ^ f^FT k(t) < 1, 3TFT P = {d(x, y) : x, y € M}.

FT^F ^T^FTF FF 9TTf (*)FF (**)^ ^TFT ^FF 2-^ftFt TTFfe tFF?T:
F*tF 2.1 Ttcr F^F 2.2 Rt^T FT T^ f I FF 3T^FTF fR»IIM RFFF^ I :

F^F 2.1. FTF ^ (X, d) 'E’f 2-^tFt FFfe t FFT S T TTFfe 
X FT TF-yfclRt^0! t fR FF FoMl-stf k F^ p ('FFT 0 < k < l, kp < 1/2) ^iRfft 
FTt FFiTT Ft f^t X % TT^ft x, y, a % RTF 
(2.1.1) d(Sx, TSy, a)

< k 3{RjFtFF {d(x, Sy, a), d(x, Sx, a), d(Sy, TSy, a), p[d(x, TSy, a) 
+ d(Sy, Sx, a)]}; •

F ^ Ft Ft S F't T FFt 3T^t^ttF R?TT Ri^ FF 3tRf^F FtFT I

FFFfoT. FTFT xQ TTFfe X FF Fit^ 11 FFRt ^ fsf53Tt % F^ ^FtF 
FTT FFFT FtR^TtfFF Ftt Ri

xi = Sxo, x2 = Tx1,
X2n+2 = Tx

’ X2n+I ~ ^X2n’

2n+l ’
tjRsjt ^ Rtf ftf ^t

dn = d(Xn' Xn+P a)’

fRtf20



3R (2.1.1) ^ 

(2.1.2) d 2n+l

< k {d2n, d

3R 3T^^T %

d2n+1 <k {d2n,d2n+1,

x2n^ m

Pd(X2n* X2n+2’ a)}.2n+l’

P[d2n + d2n+l + d(X2n’ X2i>+I’ X2n+2^^

a =

d(X2n- X2n+1’ X2n) ^ 2kP d(X2n* X2^1- X2n)

d(Sx2n, TSx2n, a)

d^X2n' X2n+P X2n) = °« ^ 2kP < 1-

(2.1.2) £

d2n+l - ^ d2n’ ^ 1 > Q = {k, kp/(l-kp)},

JJcFTT

d2n+2 ^ ^ d2n+l '
3T^

dn+l ^ q dn-

[168, 2] % 3T^T {xj ^T: W^Z X
^ z ^TT ^RTf^T ?WT I 5^: (2.1.1)%

d(Sz, z, a)
< d(Sz, z, Tx
= d(Sz, z, x2n+2) + d(Sz, TSx^, a) + d(x2n+2, z, a)

) + k {d(z, Sx^, a), d(z, Sz, a).

) + d(Sz, Tx , a) + dCTx^,, z, a)2n+l 2ih-1

< d(Sz, Z, X 2n+2

d(Sx2n, TSx2n, a), p[d(z, TSx^, a) + d(Sx2n, Sz, a)]} + dCx^, z, a) 
= d(Sz, z, x2n+2) + k ^if^cbdH {d(z, x

d(X2n+r a)’ p[d<z’ X2n+2’ a> + d<X

3R n 5)T %)*im ^TR %% TT

a), d(z, Sz, a), 
, Sz, a)]} + d(x

2i*+P

z, a).2*+l 2»+2’

21

d(Sz, z. a)

< k ^Tf^cjRiT {d(z, Sz, a), pd(z, Sz, a)}

< ^Tf^FcR {k, kp) cj(z, Sz, a).

1 > {k, kp}
z = Sz.

ycbi< z = Tz,

3T«n?[ z yfdr^ii s Tier t ^ fen |r |
Z ^ ^ feq, HR % X % ^TcF 3RT %

3lfRTR ^ I fe

z, = Sz, = Tz

Z, cRT

1 1

cR

d(z,, z, a) = d(Sz,, TSz, a)

< k 3TfecTKR [d(z,, Sz, a), d(zt, Sz,, a), d(Sz, TSz, a). 

p[d(z,, TSz, a) + d(Sz, Sz,, a)]}
= k -STtecR {d(z,, z, a), p[2d(z,, z, a)]}

= (k, 2pk} d(z,, z, a),

z,,^, 1 > [k, 2kp}.

2.2. HR % (X, d) 2-^%^ TRfe ^ ^TT S TRi T HHfe 
X TT Rr-yfciR<^«i t1 qfc £R k fef p (^f, 0 < k < 1, kp < 1/2) 35T
'3Tf%TR RT y^TT fe X ^ F»ft x, y, a ^ f%Tr 

(2.2.1) [d(Sx, TSy, a)]2

z =

< k 3TfteR I d(x, Sx, a). d(Sy, TSy, a), d(x, TSy, a), d(Sy, Sx, a), 
pd(x, Sx, a). *d(Sy, Sx, a), pd(x, TSy, a). d(Sy, TSy, a)};

if % S RT T ^ fen flfj qu 3rfeRT Ffe |
Wrf%T. RRT x0Rife X^cF^%^ | ^3^3^

yqR yifenffer fe x, = Sx0, x2 = Tx ’ X2n+I ~ ^X2n’r
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X2n+2 _ ^X2n+r

dn = d(Xn- Xn+Pa)‘

(2.2.2) 3R (2.2.1) %

d22n+. = Ld(Sx2n, TSx2n, a)]2

< k 3Tf^T (d2n.d2n+1, 0, pd(x2n, x2n+2, a).d

< k 3Tfy^FT {d2n.d2n+1. p[d2n + d2n+, + d(x2n, x2n+1, x2n+2)].d2n+,}. 

a = x2n

[d(x2n. x2n+1, x2n+2)]“ ^ 2kp[d(x2n, x2n+1, x2n+2)]2,

2n+l

f^RTH

) = 0. cFTffo 2kp < 1.d(X2n’ X2n+P X 2n+2

^T: (2.2.2) %

< k 3Tf^RT [d2n.d2n+1.d2 P[d2n + d2n+|] d2n+.]’2n+l

d2n+1 < qd2n, 1 > q = 3TfteRl [k, kp/(l-kp)}.

d2n+2 ^ ^d 

d„+l ^
3Ty SRfey ([168] 2) ^ ^ I {xj

11 Wife (X. d) I, 2TR 3T3pTRT X ^ fW % z RT Slf^RTf^T
?RTT I FR TO fyj S TRt T z TOTfe fTO 11 

[d(z, Sz, a)]2 
< [d(z, Sz, Tx

= [d(z, Sz, x2n+2)] + [d(z, x2n+2 a)]

+ d(TSx2n, Sz. a)]2 = [d(z, Sz, x2n+2)]2 
+[d(z, x

2n+l '

, a) + d(Tx2n, Sz, a)]2) + d(z, Tx2n+l 2n+l

a)]2
2n+2

■‘iF’ld 23

3A 18 HRD '>'>

k 3Tfy4)nH {d (z, Sz, a) d d(Z’ X2n+2’+
2.n+l

■d(x2n+i Sz’ a)- pd(z, Sz, a). d(x 
pd (z, x

Sz, a),2n+l

a^- d^X2n+l’ X2n+2’ a^ )

+ 2d(z. Sz, x2n+2). d(z, x2
2iv+2.

a) + 2 d (z, x 
Sz, a). d(z, x2n+2, Sz).

2n+2’ a^n+2’

d(x Sz, a) + 2d(x 
3RT n ^HT ^iHId MH • Hd RT

2n+2’ 2n+2.

[d(z. Sz, a)]2 < k p[d(z, Sz, a)]2,
ftRRT

z = Sz, kp < 1/2.

fHT rl<5

z = Tz

TO z S try TTR TT 11 TO 2.1 ^ TOT
^y tor yr tott I fe % z 3^facfiq I

3. mRAm aTHft=ET3ff ^ fsf|

I

f^^TOt-^TT-TO [40], [48]-[49], feyR-TO [53] tflfc %
TOfRy qfro TOfTOaff ygc? TO yry 5^ £ forr ypj
% to Rnfyy fyyri ^rft aftr yro [9] m toe [i36]^nrT yp? 3RRTiro 
TOTOy^ff y^t y><} yr^- yfyfyy’yf y^ fyy ^5 f^gr tjtrt

rr 1 qioct, [ 136] ^trt Pi^fnRgd yfyyy- yy 3Ryyy tor yyr :

to ^ ( m , d) qy?'yy ^ftyr TOfe | ym s Ry T yqfe m tt Rf-gfrrfTO
RT ? 1% M y^yi x, y ^ Iptr 

d(Sx, Ty)

< p [d(x, Sx) [d(x, Ty) + d(x, y)]+[d(x, y)]2]/[d(x, Sx) + d(x, Ty) + 
d(x,y)}

q {d(x, Sx) [d(x, Ty) + d(x, y)]]/{d(x, Sx) + d(x, Ty)} + rd(x, y) 

0, p + q + r < 1 yyj d(x, Sx) + d(x, Ty) * 0. jR^y y^TO

(*)

+

?t, yRT p, q , r >
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f^T ytcf^T (*) 3TWn eR 11

^ 3.1. HR ^ (X, d)^ ^ 2-^H I cmi Strg T^Tf^
X m FT-yfM^PT f | SR p, q, r RFT p + q + r < 1) WT
■3Tf^RT FT X ^ x, y, a ^

(3.1.1) d(Sx, Tx, a)
< p{d(x, Sx, a) [d(x, Ty, a) + d(x, y, a)]
+d(x,y,a)]2} /{d(x, Sx, a) + d(x, Ty, a) + d(x, y, a))
+q(d(x, Sx, a) [d(x,Ty, a) + d(x, y, a)]}/
{d(x, Sx, a) + d(x, Ty, a)} + rd(x, y, a)

Ft ^TT d(x, Sx, a) + d(x, Ty, a) ^ 0; cR S T ^ ^ f^IT
% 3rf^TR FtTT I <i£T, ^ d(x, Sx, a) + d(x, Ty, a) = 0 eft S T ^ ^ 
•Sf^feT^ftq' Ft7!! 1

HH X 3 xo ^ O^fR! {xn} ^t

<-chi F!T !JSfjR sj^t Jllctl F

X2n+I “ ^X2n

'3fU
n = 0, 1,2,..........

^ftsj! f^rr JTR 3 dn = d(xn, xn+1, a). 3R (3.1.1)% 

d2n < (p + q + r) d

= TxX2n+2 2n+l'

2n-l

%!T

d2n+l ^ (P + q + r) d2n-

dn < (p + q + r) d 
SFTte! [168, ^0 2]^ 5Tf%tcF% {xn) ^ cEt$% |, W^Z 

X % fo%t z. FT 3Tmfrrf Ft7!! I 3R FT z Tfc^7! T SR!
f%TT % ll

n-1 ’

d(z, Tz, a) < d(z, x2n+1, a) + d(Sx2n, Tz, a) + d(z, Tz, x2n+1).

25'ifald

FT% (3.1.1) SR Tqt7! sr% n SR! %tTR TR %% FT d(z, Tz, a) 
< 0 z = Tz. F%r yeFR Sz = z.

■3R TF R(3Ml t % qf? HTfe X !R%SR 3RR x, y, a % 
d(x, Sx, a) + d(x, Ty, a) = 0 Ft %t z OT^fettr Ft7!! I TR %
TTfe x % gfMrsr7! T cr iTcfi 3rt f^gr w 11 fr

d(z, Sz, a) + d(z, Tw, a) c: 0, X ^ a ^ ^

z = Sz = Tw.

w = Tw.

3R:

W = z.

t^Mt 3.1.1. TTT 3.1 T Tf? S = T, p = q = 0%%! TRRf T^R 
^ 2-^ftsF SRfe % fTW (Ti [78] ITT [82]) !!M FteT! 11

4. g^RcT yfrrf^T^ff f^R

FRf
H^RT SR g%R [srt rx!5T TTTPfT f^'q^lddl s^ 3TSTSRR! ?R HT!%91
=RR §rr srr (^ [153], [195])^!
^R SST % 9TR fsRr |
^RRT [92]. TR ] 143]).

J (FR-TRSR [33],ftR§R [51],$R [87]-[88],

Timq 3T!1f [ 152] FTR! RT gfdRld'Jli' % g%iR ^ -3!^5RT
TW7?! fd^fancll TSRRR cR g%R cR^ gIT [rtr !%R §R ^

TR [19].1R§!T [52],TRT [112],

sft RTgf
3TSTR s^j frgr yiR ^rrfTT fsRr Ttr %! 
fTF-SRRFITr [ 175] 3TTft % '-I PR I Hi' SR ^Tr! SR^fr f |

(*) d(Ax. By)

< a,d( Ax. Sx) + a2d(By, Ty) + a?d(Sx, By)
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+ a4d(Ty, Ax) + a5d(Sx, Ty)
^ x, y g M, M ^ ^ RTfe | RUT Mt he {1, 2, 3, 4, 5} 
^ ah RTfe X x X ^TT *+)?M ^ I

SR^rT 3RpTFT ^ M ^fcT^J (*) 3TWR 2-^ft^ RTfe ^ JR
# ll

y^7 4.1. RR (X, d) RE ^ 2-^E RTfe I f^f d RR 11 RH 
A, B. S R1 T ERfe X R Fl-yfrTf^rRT 11 ^ ^(sdl'STf ah > 0

he {1, 2, 3, 4, 5)) JET OTf^RT ^EfT t 1% X ^ R^JE x, y, a

(4.1.1) d(Ax, By, a)
< a|d(Ax, Sx, a) + a2d(By, Ty, a) + a3d(Sx, By, a)
+ a4d(Ty, Ax, a) + a5d(Sx, Ty, a);

(4.1.2) a3 + a4 + a5 < 1, a, + a4 1 RT a2 + a3 < 1;

(4.1.3) SRRl;

(4.1.4) d(x. Tx, a) < d(x, Sx, a), x, aeX;

(4.1.5) RR {A, S) RFR I;

(4.1.6) S Rf TR HR5T JET§T: RE TWf^R: A-M^R 3TRFR {xj ^flT 
^RTTfRT: B-M^R BTREH (yn} JET 3lpRlr4

rTT A, B, S RT T JET RE 3TTfRfR f^R % FtR 1

vJMhRvi. pE'ol JR EnRT3ff m RT n ^ Pi1.1, (4.1.1) 

d(Axm, Byn. a)
< a,d(Axm, Sxm, a) + a2d(Byn, Tyn, a)
+ a3[d(Axm, Sxm, a) + d(Axm, Byn, a)

+ d(Sxm- By,r Axm)l + a4ld(Axm’ Byn’ 3>

+ d(Byn, Tyn, a) + d(Tyn, Axm, Byn)]
+a5[A(xm, Sxm, a) + d(Axm. Byn, a)
+ d(Byn, Tyn, a) + d(Axm, Byn. Tyn)
+d(Sxm, Tyn, Axm)].

^ fpR
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3R:

(4.1.7) Pd(Axm, By*, a)
< qd(Axm, Sxm, a) + rd(Byn, Tyn, a)
+ a3d(Sxm, Byn, AxJ + sd(Tyn, Axm, Byn) 
+ a5d(Sxm, Tyn, AxJ,

jRT

p = (1 - a3 - a4 - a5), q = (a, + a3 + a5), 
r = (a2 + a4 + a5), s = (a4 + a5).

Rft REIT

pd(Axn. Byn, a)
< qd(Axn, Sxn, a) + rd(Byn, Tyn, a) + a3d(Sxn, Byn, Axn)
+ sd(Tyn, Axq, Byn) + a5d(Sxn. Tyn, Axn).

-3R '3RTfajET ^

(4.1.8) d(Axm, Axn. a)
< d(Axm, Byn, a)+ d(Axn, Byn, a) + d(Axm, Axn, Byn)
< (q/p) ld(Axm, Sxm, a) + d(Axn, Sxn, a)l 
+ (2r/p) d(Byn, Tyn, a) + (a3/p) (d(Syn. Byn, Axn)
+ d(Sxm' Byn- Axm)]+ (s/p) [d(Tyn- Axm’ Byn)
+ d(Tyn, Axn. Byn)] + (a5/p) [d(Sxm, Tyn, AxJ 

+ d<Sxn- Ty,,’ Axn>l d(Axm’ Ax„- Byn)- 
3R RTffR X Jfi RRe a j£ (4.1.7)^ ?fRT

3R (4.1.6) Jft RTR ^ (4.1.8) RTTTT, n JET tffaRT TR ^R TT 

d(Axm, Axn, a) = 0.

■3R: 3T33R (AxJ JE^ft I, ^ 3R7TR RTfe X % z (TR
TT ^TfRTftrT $1'!l I

3R srITjet ^

d(Axm- Byn'a)= 0-m, n

d^AXm’ Byn’ AXn) = 0-m, n

m, n
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d(Sxn, z, a)
< d(Axn, Sxn, a) + d(Axn, z, a) + d(Sxn, z, Axn).
(4.1.5) % n ^TRT HPT ^ TTT {Sxn}

TOT {Byn)-^z, (Tyn}->z.

(4.1.3) % {S2xn}->Sz, {SAxn)->Sz 

3TtT (4.1.5) ^ {ASxn}->Sz.

•3TH (4.1.1) ^ 

d(ASxn, Byn, a)
< a,d(ASxn, S2xn, a) + a2d(Byn, Tyn, a)
+ a3d(S2xn, Byn, a) + a4d(Tyn, ASxn, a)
+ a5d(S2xn, Tyn, a),
•^ftr ?TTH n HiT ^Inid HPT TPT HT 
d(Sz, z, a) < (a, + a4 + a5) d(Sz, z, a), 
uft HH^S X ^ a ^ (4.1.2) Tt TTcF f^Tt^I %. '3TcT- Sz = z

5H: (4.1.1) H 
d(Az, Byn, a)
< a1d(Az. Sz, a) + a2d(Byn, Tyn, a) + a3d(Sz, Byn, a)
+ a4d(Az. l‘yn, a) + a5d(Sz, Tyn, a),
3ftT n HiT TfTHRT HPT ^ HT

z.

d(Az, z, a) < (at + a4) d(Az, z, a),

3?rT, <JcT Hficr, (4.1.2) Tl
Az = z.
3TH (4.1.4) ^ X ^ a ^

d(z, Tz, a) < d(z, Sz, a) = 0, 3PT: z = Tz.

tJH: (4.1.1) TT X ^ a
d(z, Bz. a) = d(Az, Bz, a) < (a2 + a3) d(z, Bz, a)

29

f^TTTT z = Bz.

^TcT: Z HfHlTOff A, B, S PH T HTT fejr |,

^PH HHHfH^ feTT % || cTHw HfrTfTOff B TPT T HTTHPT

d(z, w, a) = d(Az, Bw, a)
~ aid(Az’ S/’ a) + a2d(Bw, Tw, a) + a3d(Sz, Bw, a) 
+ a4d(Tw, Az, a) + a5d(Sz, Tw, a)
- (a3 + a4 + a5) d(w. z, a).

^ ^ HTfH, (4.1,2) £ TO ftfta | I 3TTT:
w = z.

fT?T7 |

/^/. gro {a, s} g^md| %

I

t^THT. TOT HHH 4.1

5. ipfo* f^R

«*, ssT.'sa'^s.^r tr ^
HHH 5.1. HPT 

M HT TH-HfcTfaro 11 
thtt tot ntMTOn 

^fr S TO T ^ TO 
(*) HH Tpp? rti :

^(M,d)TO^^^HfelTOSTOTTTHfe 
^STOTHHHHfeMHferrf^^rr^a^^ 

TTHfe M ^ S(M)nT(M) HT ^TT 3TfTTO Ft %A HTT
HPT

(*) d(Ax, Ay) < pd(Sx, Ty), pe(0, 1).

TOT HTTPT r'M| ^ y^q- ^TTrp
hTOTOttott ^ TOT HT 5TO* TOfTOT^
TOh ?pf (**) hF 3pfpT TO HHH TT

HTHT TT HTTO [137] % 
HfTOTHT 1.9) TT HHPT tTO |TT 

3ph tothtTOth htto fTOrr i
TOT
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*TH R+ WT3Tf ^ I W (M, d) ^ Wife
% I HPT ^r H = {h : -> R+: h ^rft ^ifntlVld I rT?JT 5R^F) ST^PPTH
I cf yr^cb t > 0 % fop r(t) = h(t, t, a,!, a2t, a3t) < t, a, + a2 + a3 = 4} cT?TT 
M Pi Prfop x, y ^ fop 
(**) d2(Ax, Ay)

< h(d2(Sx, Ty). d(Sx, Ax) . d(Ty, Ay), 
d(Sx. Ay). d(Ty. Ax), d(Sx, Ax). d(Ty, Ax), 
d(Sx, Ay). d(Ty, Ay)}, 

pp ffopfoforf gpfopp Pot OTTP^PPkTT #[f1' :
SFTffoFT 1.1 [196]. sfoPfi t > 0 ^ fop r(t) < t 6^11 Pfo PtPPT Pfo 

rn(i) = 0, ^jTpT rn, r PP n PIT Pp=PT PPPT 11

yp^d ^TpPFT P FP Pfop^T (**) PP 3TUTPP 2-^fop PPffo P PP
11

PPP 5.2. PIP (X, d) PP^ pp 2-pfop HPfe I foPP d PPP 11

ifo t fo foRfofop P^P pfo) t :
(5.2.1) JPP* PPTfpfpPPt ppfo (A, S) PP {A, T} PP foP 3TfoPP I fo 

AX c SX n TX;
(5.2.2) X^f PP^ 3PpPP {xn} PP foP 3Tfopp I fo A2^ PTPP PPT?T: PPPlfPP: 

S:-fPPfPP PP T2-fPPfop
(5.2.3) X Po pfop> x, y, a cp fop H P PPT h fop ^ fo 

d2(Ax, Ay, a)
< h(d2(Sx, Ty, a). d(Sx, Ax, a). d(Ty, Ay, a),
d(Sx, Ay, a). d(Ty, Ax, a), d(Sx, Ax, a). d(Ty, Ax, a),
d(Sx, Ay, a). d(Ty. Ay, a));

(5.2.4) fpfol t > 0 P^ fop, h(t, t, 0, ft, 0) < gt. h(t, t, 0, 0, ft) < gt PTeP f = 2 
Pi fop g = 1 PP f < 2 fo fop g < 1 ^fo r(t) = h(t, t, a,, t, a2t, a3t) < 
t, PT?T a, + a2 + a, = 4.

pfop 31

pp a, s pp T pp ppj drpffofor Tppfo1^; fop fp^ fop 1
pppfo. XP X0^. ppffo A(X)cS(X), x,eXSP PPPT ^ pp^ | fo 

Ax0 = Sx,. for PPPT, ppffp; A(X) c T(X), x2gX pppr I fo Ax, = Tx2. 
cqjpp; PP P, FP X P 3TppPT {Xn} P^t TPPT SP PPPT PP PPfo t fo 

y2n .= Sx2n+| = Ax2n
for
^2n+l • ^X2n+2 “ ^X2n+I’ n “ 0. 1.2.......
faygWPF P^R 1. dn(a) := d(yn, y^,, a), foPTn dn(a) = 0.

pppfor fo (5.2.3) ^
(5.2.5) d22n(a) = d2(Ax2n, Ax 

= d2(Ax 
< h(d2

, a)2n+l

’ Ax2n- a>

(a), d2n(a). d2n_,(*), 0,

d2n(aHd2«-.(a) + dfoa)+R2n-|]' 0>
PFf R2n_, = d(Ax2n_,, Ax2n, Ax2n+1).

PP Pfo R2n , > 0, PP (5.2.5) ^ a = Ax^ , PT 

R22n.,<h(0. 0. 0, 2R22n ,, 0)
^ h(RV,. R22n-r R22n-r 2R22n.(, RV,) < R^,
PF PP fpfol I, 3PT: R^ , = 0.

2n+l

2n-l

PP: (5.2.5) £

dVa)
< h(d2 (a), d2n(a). d2n ,(a), 0, 

d2n(a)[d2n-|(a) + d2n(a)l’ 0)'
2n-1

PIP ^ Ifofo n fo fop dn > dn PP dn , + dn = fdn, f < 2 PP h pfoPT 
PT ^ 3T5TRTPTP t, ?Pfop

d22n(a) < h(d22n(a), d22n(a), 0, fd22n(a). 0).
fot PPITT

d^,(a) < h(d22„,(a). d22n+l(a), 0, 0. fd^.Ca)).

PfoP32



■‘ft fkfa n (5.2.4) £
d2n ^ gd2n < d2n g < 1),

^ ^ Hd?T 3TrT: f^fT n ^ f^r 

dn-i(a) > dn(a).

d2,(a) = d2(Ax,, Ax2, a)
< h(d20(a). d0(a). d,(a), 0, 0, [d0(a) + d^aJl.d/a))
< (d20(a), d20(a), d20(a), d20(a), 2d20(a)) = r(d20(a)).

d2n(a) < rnd20 (a). 
ijR dQ > 0 cTaT y^f^FT l.l ^

^Tn d2n(a) = 0 ^TTn dn(a) = 0.

3T^ d0(a) = 0 cT«r Fre ^ yriich n % f^Ttr dn(a) = 0,

3T^:

^TTn dn(a) = 0.

2. '^1 m = 0, 1,2, ' dn(ym) = °-
7W I m = n+2 ^ f^T I Rn = 0.

FT^rTm, m = n. n+1 ^ '‘ft flril ^ I HR

m > n+1, m= n+p, p > 1. 

3R ^TFT ^7 f^lfrRT ^ :

m ^FFT ^RRT 11 

jR m tU9M! I' I

1.

2.

Mrf 1.

d„(yJ ^ dn(ym-.) + dm-.(yn) + dm-|(yn+l) 
Sd„(ym.,) + (h(d!m-2(y„)’ d2m-2(y,)’ 
d2nv2<y„)' 2d2m-2(>,,)' d2m-2(y.» >1,2

33

ih<d2m-2(y„.,). d2m-2(y„+i). d2,„.2(y„.,).
2d2m-2(y„+i)'d2m.2(y„+i)))''2 
£ d„(yn+P.,) + fhp l(d2n(y„). d2n(yn), 
d2„(y„). 2d2„(y„). d2„(y„)l1'2
+ (hP 'fdVy^,), d2n(yn+t), 
d2n(yn*,). 2d2„(yn+1), d3n(yn+1))}l/2

= dn(y„.M) + 2<h!"l(0' °' °- °' o)!122
= d„(yn+p-|)'

Iran- 2 % fpTtT ^ |

dn(y™) s d„(y„+p.,)-
3R: SRTcH m ^ 

dn(ym)

sdX+P-.)s.....sdn<y„+i> = °-
3R yf? m < n, HH ^ n = m + t, t > 1.

?R, JRff% dn+,(a) < dn(a),

dn(yJ = dm+I(ym)^dm+I.,(ym)<.........

S dm(ym) = °-
WR 3. d(yj, Yj, yp) = 0, ^ i, j, pe{0, 1, 2.......

RFRRT yft f^fT ^ yt fRT RT j < p ^ *R^t 11 ^

p = j + r > 1. cR

+

d(y,' yj’ yJ+r)

- d(y'’ yj. yj+,.)+ d(yi> yj+,p yj+r)
+ d(y - yj- yJ+r>-J+r-l

3tf^R y? fys'yyRR; 2 ^ Ft yiR 11yi<R

yRcT:

d(y,’ yr yJ+r)

- d(y.' yj’ yJ+r.,)^

34 yf^R



^ d(y,, yv y) = o.
f^y ^3TT I

4. {yn} tTcK cRt?ft 3T^sFTT 11

sRrtfcB ^lMin dn=o fn^y
t I FFT ^ 1??TT t I wy ^

2n(k) VQ 2m(k)
2k < 2n(k) < 2m(k)

cRT ^R?T SJcRR f Mt aeX

(5.2.6) d(y2n(k),y

yrijch ^ifch 2(k)^ f^r m 2m(k), 2n(k)% STltR) -^icH ^TT 
t yT (5.2.6) yg'SJ ^R^T 11 RT y^JiR

(5.2.7) d(y2n(k), y2m(k)2, a) < e. 

cR y^Rj 2k ^

y2m(k)’

S 2n(k)' y2in(k)-2’ a) + d(y2n(k)’ y

+ d(y

yur ycr (yFf yyr fR=rfyte yy y ■‘ft ?t

^RT WR F^TT {y,n) ^ y)T§ft 
0 ^FTT t f=F y^fi ^ifcb 2k f^FTe >

, a) > e.2ni(k)

e < d(y 2n(k)’

• y 2m(k)-2^2m(k)

’ y2m(k)’ a^'2m(k)-2

41 rl I ^) 3ft7

d(y ' y2m(k)-2! a)2m(k)

<d(y y2n,(k,-ra)+ d(y 
+ d(y2m(k)-l’ y2m(k)-2’ a)‘

y2m(k)-l’ y2m(k)-2^2m(k)’ 2m(k)’

FF sTTW I %

e < d(y 
< d(y

y2m(k)’

y2m(k)-2’ a> + d 
3T^ (5.2.7) try fy$T^[rHc6 cRR 1 ^

2n(kl’

(a) + d (a).2n(k)’ 2m(k)-l 2m(k)-2

(5.2.8) ^FTkd(y 2n(k)’ y2m(k)’ ^ ~ e-

3 ^ yyty % 11%

JlFJlr1 35

|dfy2n(k)- y2m(k)-I- a) " d(y2n(k)- y2m(k)’ a) ^d2m(k)-l(a)

3fk

d(y2n(k)+l’ y2m(k)-J* a) ~ d(y2n(k)> y2m(k)* a) 

(a) + d
yytfo (5.2.6) (5.2.7) k->oo^ yr

(5.2.9) d(y2n(k), y2m(k),, a)

< d (a).2m(k)-l 2n(k)

3ft7

(5.2.10) d(y2n(kK1, y2mlkH, a) -»e.

d(y2ll(k), y2nl(k), ^
~ d2n(k/a^ + d(y2n(k)+r y2m(k)’ 
+ d(y y2m(k)^’ y2n(k)+l^ 

(a) + (hd2(y
2n(k)’

< d y 2m(k)-1 ’ a)’

(a), d(y2n(k), y2m(k), a).
2n(k) 2n(k)’

d (a), d2n(k) 2m(k)-l

d(y2m(k)-!' y2n(k)+P a^’ d2n(k/a^

d^y2m(k)-l’ y2m(k)+i; a^’ d^y2n(k)’ y2m(k)’ a^ 
(a))>,/2.d 2m(kH

1, (5.2.8), (5.2.9), (5.2.10),
qy h cF tR ^ 3T^TRTyR 3ftT Fylt ^

e < {h(f'"1 0, e2, 0, 0)}l/2 < rin(e2) < e 

fyfryyyy I, or: ar^y {Axn} mr afrr r#itt x ^
y X JF 7. yr arfyyf^T Ftyr i yyffo ar^fFHf {Sx

FyrjsFy t, Fy^F? y ^ z yr arfyyfty Fft 1

yyifyj s yy t yyy 11 ary: s yy T yfyyiyr y

»^«Tx2nMAXn}2n+l

STx2n -> Sz aftr TSx2n+1 —>'Tz.
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d(S'I'x2n. TSx,n+1, a) = d(SAx2n ,, TAx2n. a)
< d(SAx2n,, ASx2ii |. a) + d(ASx2n l1 ATx2n, a)
+ d(ATx,n. TAx2n. a) + d(SAx2n_p TAx2n, ASx2n_,) 
+ d(ASx2n l. TAx2n, ATx2n).

(5.2.11) d(STx2n,TSx2n+|,a)
< d(S2x2n,, A2x2n ,, a) + d(A2x2n, T2x2n, a)
+ d(ASx2|i ,, ATx2n. a)
+ d(s2x2n.r A2x2n.rTAx2ii)
+ d(A2x2n, T2x2n. ASx2n ,)

3TR (5.2.3) H
d(ASx2n_,i ATx,n, a)
< {h(d2(S2x2n T2x2n, a), d(S2x2n_r ASx^.,, a). 
d(T2x2il, ATx2n, a), d(S2x2n.|, ATx2n, a). 
d( 1 "X2n< ASx2n |, a), d(S-x2n ,, ASx2n p a). 
d(T2x2n, ASx2n ,, a), d(S2x2ii.p ATx2n, a). 
d(T2x2n. ATx2n. a))}1"

(5.2.12) < {h(d2;S2x2n P T2x2n, a), [d(S2x2n.p SAx2n.p a) 
+ d(S2x2n p A2x2n p a)).
[d(T2x2n. TAx2n, a) + d(T2x2n, A2x2n, a)], 
(d(s2x2„.P TAx2n, a) + d(T2x2n, A2x2n, a)]. 
[d(T_x2n, SAx2n ,, a) + d(S-x2n p A x2n ,, a], 
[d(S2x2n ,, SAx2n.p a) + d(S2x2n p A2x2n.p a)). 
[d(T2x2n, SAx2n p a) + d(S2x2n.p A2x2n_P a)], 
|d(S2x:„.|. TAx2n. a) + d(T2x2n, A2x2n, a)]. 
[d(T2x2n, TAx2n, a) + d(T2x2n, A2x2n, a)])}l/l. 

d(Sz, Tz, a) >t}, rR n ^TIhm HU ^<17(5.2.11)3, (5.2.12)^ (5.2.2)

377ifrf7r

eft yHlJl chid X ^ a ^
d(Sz, Tz, a)
< {h(d2(Sz. Tz, a), 0, d2(Sz, Tz, a), 0, 0)}w
< rl/2(d2(Sz, Tz, a))
< d(Sz. Tz, a)

3T FT Sz = Tz.

^T: 3

d(SAx2n+l’ Az’ a)

< d(SAx2n+p ASx2n+p a) + d(ASx2n+p Az, a)
+ d(SAx2n+P ASx2„+|, Az).

3TW (5.2.3) TTef (A, S) ^3 TF3f133TTT WiFi TT3 TT

d(SAx2n+i> Az, a)
< d(S2x2n+p A2x 
[d(S2x2n+p SAx 
d(Tz, Az. a), d(S2x 
+ d^2^,, A2x 
+ d(S2x2n+p a2X
+d(S2x2n+P A2x

, a) + (h(d2(S2x2n+p Tz, a),
a)+d(S2x2n+,. A2X2n+i,a)J.

, Az, a). [d(Tz, SAx1n+p a)
’ a)l' Id(S2x2n+l’ SAx2n+l’ a>

, a)]. [d(Tz, SAx2n+p a)
, a)], d(S2x

d(Tz, Az, a))}’72 + d(S2x2n, A2x,n, Az).

3m n ^ 3mm th 33 tt (5.2.2) 3 x ^ a ^ 
d(Sz, Az, a)
< {h(d2(Sz, Tz, a), d(Sz, Sz, a). d(Tz, Az, a), 
d(Sz, Az, a). d(Tz, Sz, a), d(Sz, Sz, a). 
d(Tz, Sz, a), d(Sz, Az, a). d(Tz, Az, a))}‘^
< {h(0, 0, 0, 0, d2(Sz, Az, a))}w
< r^d^Sz, Az, a))
< d(Sz, Az, a).

FT TSTTm I % Sz r, Az, 3kT: Az = Sz = Tz.

2n+l

2n+l ’
2n+l

2n+l

2n+l

Az, a).2n+l 2n+P

H^ld38



3TW

d(Az, Ax2n, a)
< {h(d2(Sz, Tx2n, a), d(Sz, Az, a). d(Tx2n, Ax2n, a), 
d(Sz, Ax2n, a). d(Tx2n, Az, a), d(Sz, Az, a). 
d(Tx2n, Az, a), d(Sz, Ax2n, a).
d(Tx2n, Ax2n, a))}w 

n 3FT 4lHm '‘TFT FT

d(Az, z, a) < {h(d2(Sz, z, a), 0, d(Sz, z, a). 
d(z, Az, a), 0, 0,)}*
< rw(d2(z, Az, a))
< d(Az, z, a).

sftr
z = Az = Sz = Tz.

3FT: z yfaf^Nf A, S F&f T FF f^TT 11

3TF FF l Ĵl FF f^TT ^ I FR ^ X ^ 3FF
z, cFT

Zj = Az, = Sz, = Tz,. 

d2(z, z,, a) = d2(Az, Az,, a)
< h(d2(Sz, Tz,, a), d(Sz, Az, a). d(Tz, Az,, a), 
d(Sz, Az,, a). d(Tz,, Az, a), d(Sz,, Az,, a). 
d(Tz,, Az, a), d(Sz, Az,, a). d(Tz,, Az,, a))
< h(d2(z, z,, a), 0, d2(z, z,, a), 0, 0)
< r(d2(z, z,, a))
< d2(z, z,, a)

FFF^T ^ Iz = z,.

TFR ^ ^ FfrRF' (5.2.l) FIR FT
viFF^F 3 FFJTft TRcT F>TFT FtFT I

Ff^R 39
4 A-18 HR D/99

3FFTF

f^TRT

TFJcT 3FFR F FT FfrTfTTF Pi^nT ^ RFT FT TTFR TT^tFFFf 
^ TTFR FTFT %F FF I, TT^rf^SIRT FT TT^FF F^T FF

FT F^HFF FFH 11 ^Tf 3T«JR ^ Ft 3T^FR f :

FTtfF^t 

mR,jiih

i.
2.

40 Ff^RT



i.

qitifti ^ ^ [114]-[115] ^ 197 3
f^Tt % '3'JR 97 tTcH f^R f% 9^9 SIM t%9T I 

H^SRRT F9 % -31 jd<ul 97 ^19399) tl^dl 95T 9i7 7^ t :

9R 3 j tt^ cRt 3TRZJF I, ^TFf c|^

tl 3TT^t [c!k*j ^ 3RJsF9 3<iq^ri: 9sFR HlR'Mlf^d ^ :

n^FTR

, n,9T79f^9) TR5TT9, i,k = l,

aik ^9 i ^ k 

1 - ajk 3R i = k.
eO
cik(*)

JO c(0 +c(0 c(0cn S+l. k+1 + S+l. 1 '"l.k+l ;jf9 i * k
(<-l) _(**) cik

JO cO) _ c(0 c(0 ^ j k
[‘-n ci+l, k+1 ci+l, 1 Ll,k+1 ^ 1 K' 

i, k= 1, , n-t-1, t = 0, 1,...., n-2.

MlR'Hlf^d 9^ I

( cik ) ^ (n-t) x (n-t) 97f 3TT^ 11 

97^9: 999^979^ ^9171 9979 I (7TT9 f\ [31], [176]).

9^tel 1.1. 9T9 ^ cjO > 0, i, k = 1,

9f9 n = 1 9t = an

, n. 99 3T77f^9jT Id9)19

9f^f9 41

(1.1.1) 'Laikrk < r, i = 1,.
*=i 1

Ft7!! 9^ -3ft7. 9)c|^1 PlM^tRgd ^TTlf^RFItT :

(1.1.2) c[0> 0, i = 1

9R (1.1.1) 9Tft9Tf^9- 3mf^99 99 r, i = 1..... . n, xr^ 7999 I

n, 99 XJ9> 99T9T9j 7TTET9 r > 0, i = 1 n,

n - t, t - 1 n - 1; n > 2.

7T9T

1 £(1.1.3) h = srfacfcciH. rj Xajkrk
k=i

31d^9)l3ff (1.1.1) 9?t 7191979 397^ ^ (1.1.3) 7179 t 31ft
h e (0, 1). 9T9 b 9cT c ftrft 9Ft7T7 717999 f 
(1.1.4) 0 < 2b + 2c < 1-h.

gf979 £ ftm 9T9 (vp v2....vn) = v(l, n), (Vj,, vj2.....,vjn)

= Vjd, n),X = X1xX2x....x Xn.

999)1979^ Sfita [114]-[115]

9^9 1.2. 9T9 ^ (X., d,), i = 1
, n. 9ft a|k, i.k = 1.....

n, ^ {ell*

......n, ^fft> 7T9fe9f I 7T9T Tj:
, n, 99 3lf77T79 fTT 9997 ft ft) Xk ^X->X,, i = 1 

Tift 3T999f xk, yk, k = 1,.

(1.2.1) di(Tj(x( 1, n)), T,(y( 1, n))) < ^X ajkdk(xk, yk) 3fft

(0 n-1, 7T^ ft 719 d4l9)<IJl f99T9c v > 0, i = 1 n-t, t = 0,

(1.2.2) Xj = Tj(x(l, n)), i = 1

99 tr^ 3T9ft7fftr 7T9J9 Xj,.

, n,

’ Xn ^7TT' Xi 6 ^i*

n, 7T9T 7997 f797 x® e x^ i = 1i = 1 n, ft ftixr
ft 31^9)9

(1.2.3) x,m+l = Tj(xm(l, n)), m = 0, 1......

.....n. 3Tf97lf77T ft9 I 3ffti= 1,

42



(1.2.4) Xj =-#TT m xjm, i = 1„

;3^T y^T TT^FT %^TRT (wfti) ^ ^ ^ 3THT ^TTrlT
[176]) ^ (1.2.1)«f5t TT^R yfrl^^T =f)FT dldl tl

^nfcT3F) [31] % yfctfad0! f^FRft ^ RlWl<0l ^
'llSd< [119]

[142] % 5FR5T: [44]

, n.

I

^^<S4 ? ycbK % f^TT y^4

^nM 11
d4]ch<uil 3) ditnl ^

^ffcE dnl^id] ^ cHRfrr ^°R 97 yidfa^i Pi<+)l41 [99] ^
^ptrt y%i, [176] ^ ferr 1^5 yA^i, wwfft ct^tt

(^t [78] ^ [82]) 3TTfc ^ 2-^F wftz ^ SIM ^RT 3TFrrft 
cFT 5^^ 3^3^I 11 d^d: 2 
^ 3T£ZR’T «fjT 7^1 H yMid ^ I

2. mRuiih

31^1 2.1. ^f (Xj, d), i = 1,... , n.'jyf 2-^fta t d^IT ajk,
b, c > 0 (i, k - 1,. n) vfctJi (*), r*), (1.1.1), (1.1 3) M (1.1.4) ^IRT
qft'RtM f I Rd rf yfdfcm toPT Pj M Q,: X->Xit i = 1.......n, M?

(2.1.1) dj(Pj(x(l, n)), Qi(y(l, n)), Pi)

< I a|kdk(xk, yk, pk)
K=1

+ b[dj(xj, P,(x(l, n)), pj) + dj(yj, Q,(y(l, n)). p,)]

+ c[dj(xj, 0^(1, n)). p() + dj(P(x(l, n)), y,, p,)];

^ (x( 1. n), y( 1, n), p() e X x Xj x X, % ^ f I M X|
■^TT f^OTT Xj, i = 1........ . n, cfiT ^TT FldT t

7Tf^TcT 43

Pj(x(l, n)) = Xj = Qj (x(l, n)).
sifter i.i m (1.1.3) ^ sRidich f 

y^K uid dMiO ^ f^j
dWR r,, r2........ rn ?F

I aik - hfj, i = 1, n.
K=I

Xj0, i = 1,.....n, ^ f^TT {Xjm} f^FT SRITT ^ :

Xj2m+,= Pi(x2m(l, n)) M Xj2m+2 = Qj(x2m+i(1| n))j m = 0) 1,2....^
M PR t di(xj°. Xj1, Pj) < Tj, i = 1,.....n; (2.1.1) ^rt

di^i‘* xi2’ = ‘Wrtl, n)), Qj(xl(l, n)), Pj)

’xk«Pk)
n .

< Ii aikdk(xl;

+ b di^x9,Pi|x°(l,n)j,pi j + dj^x? .Qi(x1(l,n)j,pi) 

(xil,pi(x0(l,n)),pi) + di(x|),Qi(x,(l,n)),pi)c d,+

(2.1.3) d.fx', xf, Pi)

- ^ aikdk[xi(.xk.picJ

xf.xJ.PiJ+difx'.xf.p,)]+ b d

[di(*!.*‘.Pi)+di(x°,xi2,pi)]+ c

“ J, aikrk + b(ri+di(xil,xi2,pi)J

0 1 2 
i’xi’xr+ q

J44 ^rf^R



2-^ftor di crater I) i
^ dI(xf,xi1,xf) > 0, (2.1.3) Pi= xf ^TT

(1-b) di(x?,x;,xf) <0 

difx^xj.x-) =0, i= 1,

^ (2.1.3) ^nrr

n.

f. Pi) < qri( q = (h + b + c)/(l - b - c).di(x!•. x

SRR di(xf, x:\ Pi) < q2rj.

3TFFTRT:

, Pi) < qH'fj, m = 1,2,d,(x- X m+1

d.jx"1, xj, Pi)

^ Rifert ^ ^far ^ y^F {xr} ^ x,
K1,ii = 1, ....

—> 0 m, t —> co.

^tt 3fk u, ^th i = i, 2, , n.

.Pi)2m+2di(u„ Pi(u(l,n)), pi) < di(u,.xi 

di(pi(u(l,n)),Qi, xfm+l,(l,n). Pi) 

(uj, Pi(u(l,n)), xfm+2)

+

+ d;

<di(ui,xf"+2,pi)+£ aikdk(*f+1 
v ' k=l

’ uk’ Pk)

.xr^pi)[(d.(ui, P(u(l, n))), pi) + di(xr2m+l+ b

,Pi(u(l,n)),p1) + di(ui,xfm+2,p1)+ o di(x 2m+l

454ll^ld

3ftr ^ #r m —» oo

(1 -b-c) (d, (a.RCud.n)), Pi)<OsrM^T!
..........’ n^ fel! !JTT ^T! | A -

31^ Ui wMf P. (x( 1, n)) = Q.(x(l, n)) = x , i = 1,
^ 1 ^ ^fclcflq I ^

RT wtd t % dj (Uj, u., p.) < r, i

di(^i.ui,pi) = di(pi(uan), Qi(u(l, n), Pi)

Uj = P^uCl, 
vi = Qi(u(l,n)),i =

n)), i = I,
1, n.

, n, ^!
Hi ^RT Rm Ft rtt,

. n; (2.1.1) £= 1,

< aikdk(uk, uk, pk) + bfdifui, Pj(u(l,n)),Pi)J 

(“>’ n))’Pi)] +c[dj(ui, Pi(u(l,n)),Pi)]

(ui. Qj(u(l, n)), Pj)] = £ aikdk(uk,nk,pk)
k—1

+ d i

+ dj

+ 2cdj(uj, uj, Pi)=|^i aikrk + 2crj < (h + 2c)rj.

f?Rft SPT ^rfcF m eft f^r 

d^u., u(, p.) < (h + 2c) m r.
X, eft Sf^t p. ^ d.(u., Uj, p.) = 0 yRT FteTT 11 0 < h + 2c

< 1, u.= Uj, i = 1,

3 b = c = 0, P = Q, j
!T%T 1.2) 5JT 2-^te qft# BP* Ftm li

b = C = °’P'= 1 = 1 # ^ « PS],
[82J ^ yfMR yRT Ft^ t,

^ ^ ^ ^ C = 0^ ^ ^ 5f^ ^ ^ 
[176] yi* CET 2-^ft flr^! yRT FtrTT ft,

n. ^yyf^r ^ i

= 1, , n,

46
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An ^£5 3lRcKl f ^ X,,2.2. A,, A2
, Xn sFTST: d., i = 1..... n, 2-^ft^ ^ R?T‘2-^F tiH^i I Wm a^,

',n)3lf^jf (*),(**), (1.1.1), (1.1.3) TR (1.1.4) ^IRT

, n, ^ (2.2.1)

x2„
b, c > 0 (i, k = 1,
MR'HlRld 11 yRiR<^0l RrtrT P. {TcT Sj: A—>X., i = 1,

Ff, P,(A) c S.(A), S^A) (cX.) ^ ^Wlf^RT Ft, i = 1,. , n,

rTSJT
(2.2.1) dj(P.(x(l, n)), Pj(y(l, n)), p.)

S I aikdk(Sk(x(1' n). Sk(y(l, n),Pk) + b[di(Si(x(l,n)),) 
k=l

P.(x(l, n)), Pj) + dj(S.(y(l, n)), Pi(y(l, n)), Pi)]
+ c[d.(S.(x(l, n)), P^l, n)), P.) + d^yd, n)),
Pj(x(l, n)), P.)];
(x( 1, n), y(l, n), Pj) A x A x X ^ W&l f;

RpFPT P(x(1, n)) = Qj(y(l, n)), i = 1 n, eft A ^ I

^nf^T. ^1^1 2.1 % flHH SRTReF r2. , rn WT yiR
'FT TTFiett f?

Vk < hri’ ‘ = 1* , n.

^feft P.(A) c S^A). F^FT A. x. feFT As R {x,mJ TR S.(A) % {z^}

31 jth4l Fit TFFT FTT ye^K eftt 3TT 'BZFkR ^ : 

P1(x2m(l,n))=Si(x2m+1(l.n)) = 42m+l

(1, n)) = Z?2m+2(l.n))=S,(x 

FF HM ^4)cl ^

dj(zj, zf, Pi)<rit i- > 1, i = 1, ..

Pi(x 2m+22m+l , m=0,l,2,....

... n.

cR (2.2.1) %
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(2.2.2) di(zf, zf, Pi) = di^Pi(x1(l,n)), Pj (x2(l,o), Pi)

aikdkfzL’ zk- Pk)
k=l

dj(zj, z2, Pi) + di(z2, zf, Pj)+ b

+ c[dj(zj, z:\ fijj + djfz2, zf, Pi)]

(2.2.3) dj(z2, z|\ Pi)< I ajkdkfzj., z2, Pk) 
k=l

di(zj - zf’ Pi) + di(zf

+ dj(z2, zj1, Pi) + dj(zi1, z2, z?)

(dfeb 2-^Rf d( RrHjfRr aidRiehi f).

^ ^(z’.zf.z-)>0. eft (2.2.2) 3 Pi =z‘ TTFt FT

dj (zj* • z2, Pi)+ b + c, zri

di^f.zf.zfjsbdi^.zf, zf)
f^TT^

di(z!’zf’z^) = 0, ZFlif* b < Ir

3T^ (2.2.3) H

di(z-’Z-.Pi)<(h + b + c)/(l-b-c) n = qq

'FFT q = (h+b+c)/(l-b-c).

Frtt crf

^(z-^p.^qV

idRld48



di(zfm+,,zfm+2, pi)<qmriim=l,2....

m: jz"1}, i n, 11 Wife X.,i=\

n, ^ U^ch t l2^}’ ^ S,(A), i

u, i = 1...... . n, SFF Wfti 11 3T^ HR S 'u., i = 1
v.( 1, n) ^ 1 ^ S.(v.( 1, n)) = u..
m (2.2.1) %

= 1

n, ^ #HT= 1

n,^f

d^v.O.n)), PCv.Cl, n)), p,)
< dCS^v.d, n)), P.(x2m+2(1, n)), Pj) + d(P.(v.(l, n)),
P(x2mt2(l, n)), p.) + d(S.(v.(l, n)), P.Cv^l, n)), Pjfx (l,n))2m+2

I aikdk(Sk(vk(l.n)).4m+2’ Pk)+l>[di(Si(vi(l.n))') 

Pi(vi(l, ")). pi) + di(zfm+2, zfm+3, Pi 

[di(si(v1(1, „)), z?-3, Pi)'
+di(zfm+2. Pi(vi(l, n)), Pi)

i(Si(vi(l.n)),Pi(vi(l, n),z2m+3).

+
k=l

+ c

+d

m c?rr HR h?;
(1-C) d.(S.(v.(l,n)), Pj(v.(l, n)), p.) 
< bd.CS/v.d, n)), PJv.d, n)), Pi).

3R:

5^.(1, n)) = P/v.d, n), i = 1, 2. n.
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2.2 ^ b = c = 0, A. = X. IR S.(x(l, n)) = x.(jm
x. g A., i = 1..... n) f^RT 3TR cR HHH 1.2 HJT 2-^F HHfe f^TR

HTR^HT|3frTHf^i=l^fHt 3TT^M-$THf-$Rf [78], [82] ^ Hf^TR 
HTR ^ ^ |

fcwft. ^TfH^F HiT HHR WW [99, WW l]3\ fe Ht^ [64] ^ HHR

HHH 2.2 b = c = 0^HT HTHT f%HTHHH tr wrffi H)T R
R HHRT 11

2.2 ^ b= c = 0, A, = X., i = 1 ^ HT 5EF
[87] HiT HHTctt HR HTHT FtrfT 11

tai 5H7T^Rf cFT fjRft ^cRR (Tx

HHfe 97 HRRd TT^HH ^ 3RZRR H%2R ^4h Hfildsl HtHRT itoRTo

3TT^R^ ^ 1967 ^ tel; [85], [207], [236]. cjt ^ HK, ^
HoTRo FT#7 TR RHF SRI RRHl ^oir^o ^ ^

[207],[228]-

= x.
HiT

[229].?M^t^ MHlfrih
[222]), HH^-H HfdHRf £ 3R% ^R HHfe H7 fe^ 3H7T^4 

HT TRrfHR cf? 3R2RH 99 %rH9T 1994 ^ | (^f [236]). 2-^F TTHfe
(HT HfRRT) H7 JHTT^Rf % Wlfq^l ^ 3RZRH 99 7TH17H #9 3nft
11

50



2-^HTOf f^R

3T^TF7 3 2-^HM ^T viM^i^ql ^TT nR'MI^Id
sbHf^Pl^4t yfdfa^n ^ f^JT fsfj ^ ^ 3T^qH Rh^l 7FIT 1? I ,3T?2TFT
^ 'ST^TFT ^ :

5TtfW1.

yRunM2.

7lf^RT 51

i. unf^t
vtfm f^rt# 3ntM [79]-[8i] % Hcfrm 2-qrAd ^

yR'Hif^d ^RlWl(l yRlRjd’Jl't (^ 2-Mnf^d (X, II., II) cET K ^ 3Tc^r 
Ft <ft yfriRj^'Ji T:K->X ^RlwlO 3tFT vjii^di ^ K ^ 5R^) x, y 

^ X ^ z £ forr II Tx - Ty, z II < II x - y, z II) ^ f^tr R?R ^ 
ter i «ncr 2-MH^d TTcf 2-dnu=i ddRitil ^ ^ R?t? yyy 

WTf^T TTtT I ^TOTT«t ([21], [38]-[39], [63] ^ [162]).

FM ^ Ml64i [138] % WRlTf TRfe X ^ (^tRWtT) 3TW^I TT^tT

Tft M ^ yR]4) x, y TT4 q e (0, I) 3> f^[ RlnRiHad TT^WR 9Tcf
I :

IIFx - Fyll2

q RftRKR {IIGx - Fxll IIGy - Fyll, IIGx - Fyll IIGy - Fxll, IIGx - Fxll 
IIGy-Fxll, IIGx-Fyll IIGy - Fyll].

ytdci rtrtw ^ fr yfcrfwwR yfrfwy (*) wrr rtzrr 2-wht^t TRfe R

(*)

WiT Tt ^ I

2. mRuiih

y^R 2.1. RR (B, II., .11) iTeF 2-WRTT! RR^ ^ RWT M TTRfe B 4F 
TT^rT RRTF^aRT 11 • RR yfcfRRR F W G : M->M |
(2.1.1) FG = GF;

(2.1.2) F2 = G2 = I, RFT I RRTRW? yfcfRRR I;

I
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^ fan (0, 1) ^ tfa fannFH q 3iT IM ^ 9r£to> x, y, a
fa-
(2.1.3) IIFx -Fy. all2

< q arfa^dM {IIGx - Fx, all IIGy - Fy, all, IIGx - Fy, all IIGy - Fx, 
all, IIGx - Fx, all IIGy - Fx, all, IIGx - Fy, all IIGy - Fy, all);

M % fafat X, ^ fair IT^ srjsfnr {Gxn} HiR-HiRia I :

(2.1.4) Gxn+t = (1 - t) Gxn + tFxn, 0 < t < 1, n > 1;
d«r srqsfjn |Gx^} ^ m ^ Pbtil u nr -srfadRd Ft% nr

yRlfa^li F n G '3T^fcfaFl falT ^)dl ^ I
wrffa. ifaFF n > 1 ^ ffal (2.1.4) ^

(2.1.5) IIGxntl - FGu, all2
< [(1 - t) IIGxn - FGu, all + tllFxn - FGu, all]2
< (1 - t)2 IIGxn - FGu, all2 + 2t(l - t) x
IIGxn - FGu, all IIFxn- FGu, all + t2IIFxn - FGu, all2.

(2.1.2)%
(2.1.6) IIFxn - FGu. all2

< q ^rfachdH {HGxn - Fxn, all IIG2u - FGu, all, 
IIGxn - FGu, all IIG2u - Fxn, all,
IIGx - Fx , all IIG2u - Fx , all,n n n

IIGxn - FGxn, all IIG2u - FGu, all}.

(2.1.2) n (2.T.6) «FT (2.1.5)% SFlt7!. «FT%

(2.1.7) IIGxn+1 - FGu, all2
< (1-t)1 IIGxn - FGu. all2
+ 2t(l-t) IIGxn - FGu, all [IIFx,, - Gxn, all 
+ IIGxn - FGu, all]
+ t2 q ^ifacFcFT {HGxn - Fxn, all llu - FGu, all, 
IIGxn - FGu, all [Hu- Gxn, all + IIGxn - Fxn, all] 
+ IIGxn - Fxn, all [llu - Gx#, all

53

+ IIGxn - Fxn, all]
+ IIGxn - FGu, all llu - FGu, all}.

{Gxn}->u ^JT Gxn+, - Gxn = t(Fxn - Gxn), f^farj

{Fxn-Gxn}^0

WSTT (2.1.7)% n cFT %fafa HR %% ^7 
llu - FGu, all2
< (1 - t)2 llu - FGu, all2 + 2t(l - t) llu - FGu, all2 
+ t2q 3TfacFcFT [0, 0, 0, llu-FGu, all2}
= (1 -t)2 llu-FGu, all2 
+ 2t(l - t) llu - FGu, all2 + t2q llu - FGu, all2 
= k llu-FGu, all2,

^ff k = fl-(l-q) t2] < 1.

7W | fa
llu - FGu, all = 0

^TfaT I fa u-FGuTfa n%t OTiRr %, cR%fa
% % m ^rfacf) 31444 %, 3TcT: u-FGu ^ a 4% 3nfa^T ?t% ^ fa^[
u-FGu 3R$n' fan mffa I 3R:
(2.1.8) FGu = u 

3R (2.1.2)%
(2.1.9) Fu = FGu = Gu.
3^: (2.1.1), (2.1.2) n (2.1.8)-(2.1.9)% 

llu - Fu, all2 = IIF(Fu) - Fu, all2 

< q [0, llu - Fu, all2, 0, 0}
= q llu - Fu, all.

3R ^fa q < 1, $dfaq u = Fu, 3%T (2.1.9)% u = Gu, u F
G fan f% li 3R nF faiHr %n I fa nF 3^fafar li

nn % f tfa G =f)T 3ri fan v %t ^ i m

nffar54



Ilu - V, all2 = HFu - Fv, all2 
= IIF(Fu) - F(Fv), all2 

< q {0, Ilu - v, all2, 0, 0}

= q Ilu - v, all2.

Ilu - v, all = 0

v = u.
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WT 3T^FT

3TC2TFT ^ 2-iTrqf^d $ ^TTT^f^f OTf^RTT0! 
^5 mR'Jiih fcjTT tjtt f | ar^qFT Pim^^ f :

yirfW 

TTfTnTR'

1.

2.

56



1. UKfH'fl

^ftrf t HM^hd dMfe ^ ff^dd yfcTf^TTf ^T ^Tdlt^R
yl4)d< i^Totro [ioo] ^\ PinldP^d vm ^ ^3rr :

3J^T 1.1. HR f^t HMpVid ddfc X K tToR 3TfRtT ^
^ cTSJT P TRfR X ^ F^rf 11 Rd yfrlf^d0! T :

K->P ^TcR I dtJT S : K->XdicF ^T^PT yfrlf^Pd 11 ^ K 3> yrd^h x, y ^ 
Tx + Sy e K dt K ^ tt=F ^FTT fsf^ u FtdT Tu + Su = u.

?f?T§:crR TtSToH [ 145], f^RT-^fsRcE [75] d?TT 3RT dS^lcisi] (^7t
^dTFRITSJ, [131], [139], [147], [149], [203]) d ftWTT MHf4»d ddfe ^
yfclid^l T cp f^n ^ -qpf ^dTr^PH -ST^fR z dT OTf^dRd FtdT ?t eft 
Tz = z, [42]. <£dfr 3frr %R^T-fHF [ 122] dm dRT^-SRTTd [121] d ^T fa 
t m fad 3rfadm ^Rdm gdd^farm 3T^Fd [94] yfafadd t % fan f% d7 
'3Tfadfar fan 11 fm ^t d mrodfadfat [ 100] 4^ ddd^fann fafa dn ffann7! 
mfa gd ^Ffafad [103] % d^dfa yfafadfa fad did JdTT^fad) fafa dd 
3TcZTdd fad! I ?d dfa dfadldf ^ dldfa d Rfa [172] ■% fald)Ni dddT dit 
^dd^ffadi fdfa d?[ 3TdmddT dddfat dfafadfa di fad Md^d d?[ ddT fan 
di dffadRd ddfa dfadld ffa I

3ddTd d dd d^dfa dfafadfa m fad did ^(i^faich fafa d5 
3fatd dRd; [139] fa d^'^Tdf [203] % dfalTdf dd faFdR ddW fad 
2.1 fa fad 2.2) 2-dTdfad ddfe d cR fa 11

dfad 57

2. llRuiH

^d fadid d did ^ (N, II., .ii) 2-dTdfad ddfa I dm x ^rmr dfa 
dd^d ddd^dd I fafa d^ d 3Tfam 3Tddd 11 Fd X dT fa yfafaddl fa 
fad fasfad [147] ddRT 3dZTdd ffad dd fafaldT fa dfaddd dd
3dddd dd fa | I

did fa T,, T, : X->X, x() e X dm
X2n*l faK) X2n+C„T1 x2„’
X2^ = (1-Cn) x2n*i + c„T2x2ntl) n = 0, 1,2,....

ddi-d: r-) c. = I (ii; cn e (0, 1,), n = 1, 2......

(iii) fad cn = h > 0.

fad 2.1. dR fa T, fa T, d^dd X fa X d7 ddd dfaffad | 
fa nffanffa fadR {xn} ffafai ffa z nr farfatd fan 11 dR fa

q g (0, 1 ] dm X ^ dfa x, y, a ^ far
(2.1.1) IIT.x - T2y all < q 3Tffadd llx - y, all.

dm

1 +!lx “ T]x, a||

|ix-T2y, a]] [l -||x -1^, a[]
l+||x-T:y,a||

llTix-y.a;i[l-||y-i2y,a!|]

H|T,x-y,a||

[[y-T2y,a||[l-||T|X-y, a||]

l+!y-T2y, a

dfa z d^ fafem ddfanffafafadF^faddfarffanffafani

5S dfad



3 X 3 *7^ % z ^ t fa n xn = z. iTH 3 T,?. -

z. 3TsT M falfa I fa z = T2Z. (2.1.1) ^KI 
llz-T.z, all
< llz-x2n+1, all + llx
< Hz—x
+ cn IIT,x2n-T2z, all
< llz-x2nt|, all + (l-cn) Hx2-T2z, all 
+ Cn q 3lft|cbdH |llX2n-z’ a^’

-T2z, all 
, all + (l-cn) llx2-T2z, all

2ntl

2n» I

|x2n - Tlx2n’ a| [ 1 ~ lx2n ~ T2Z, a|]

1 +||x2n -Tlx2n’ a||

||x2n "T2Z,al[l-llx2n-T,x2n,a||]

Hlx2n~T2Z’ al

iiTlx2n - z, a
l + ||T|X2n-z, a

||z-T2z, a|| [l-||TiX2n-z, a||]

1 + |z— T2z. a||

3T^ ffa
l|x2n- T2x2n, all = Hx2 - x2n+1, all/cn

Hz - T,z, all
, all + (1 - cn) Hx2n-T2z, all 

qcn STfteFT {llx2n- z, all,
< llz - x 2n*l

llx2n ~ x2n+l • aj| / cn[ 1 - ||x2n - T2z. al|]

* + ||x2n " x2n+l > alkcn

5<JlFJld

llX2n - ^2Z’ a||[l -||x2n - x2n+1, a||/cn j

l+|x2„-T2z, a

||tiX2„-z, a||[l - ||z - T2z, a||]
1+l|Tlx2n-Z’a!

||z-T2z.a||[l-||T|X2n - z, a
I+||z-T2z, a

3R ^ T, ^ rfa (iii) gfarr gq, n HHT ITR ^1% TT

llz - T,z, a II < (1 -h) Hz-T2z, all + hq jo, 0,

||z - T2z. a|| z-T2z, a||
1+|z-T2z, a||' 1+ |jz-T2z, a||

Hz - T;z, all < (1 - h) Hz-T2z, all

^ hq||z- T2z, a||
l + ||z-T2z,a||

llz-T:z, all < - a - q) (llz - T2z, all)
faFFT

llz - T,z, all = 0 =Fltfa 0 < q < 1 a X qq faqj 11
z - T,z q^T a 3TTfacr 11 tfa X 3 ^TT arftnF 3TWT ^ ^ffaq
qw % jr z - t2z q^ f! i aqr: t,z = z.

5^1 z ~ T,z qr z = T,z yim fazq jtt Wftf] ^ i ^qqfa ^ i
2.2. fft ^ t, qq t2 x % x qq qfcrtoq % mi ^ 

qfqqrfar 3t^rt (xj fa# % z qr arfa## f#t 11 qf^ q e (0, 1 ] ?t?tt x 
^ TT# x, y, a % faq

(2.2.1) IIT,x - T2y, all < q aTfaqicFr '■ llx - y, all.
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||y-T2y, a||[l +||x~Tlx, a||]
l + |x-y,a|

lx~T2y' al|l +||x~T|x' a|| + ||y-T,x, a|] _
2(l+||x-y,a||)

eft Z T! T2 cHT olJil I

WTf^T. iTR^X^xr^f^z^nlf^ ^TT,, xn = z. ^ f^HT I

T,z = T2z = z.
flripfk (2.2.1) ^rt

Hz - T,/., all
< llz - x2n„, all + 11(1 - cn) x2n + c T,x2n - T2z, all

< llz - x2n+|, all + (1 -cn)Hx2n-T2z, all

+ all
< llz - x all + (1 - cn) llx2n - T2z, all2n+1 ’
+ cnq ■ llx2n - z, all.

||z - T2z,a|l+||x2n-TiX2n,a|]
l+Nn-Z’ aH

||x2n - T2Z’ a||[1 + |x2n -Tlx2n^ al + |z-T1x2n- aM]

2(l + |x2n — z» aI)

< llz - X2n+1, all + (1-cn)llx2rt-T2z, all 
cn 3TftjchdM jllx,n - z, all,+

[|z-T2z, a|l[l+|x2n-x2n+i.al|/cn]

' +||x2n - z, a

||X2n - T2z, a|| + [ 1 + ||x2n - x2n+i, a|| / cn + ||z - x2n, a]]

2(l + ||x2n-z’ all)

61

n cfJT fflMId RPT tR
Hz-T2z, all < (1 - h - hq) llz-T2z, all

Hz - T.z, all = 0
jftr

z = T,z.

T,z = z.

3TeT: z T, Ref T, ^ ^R 11

□
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ABSTRACT

In this book some coincidence and fixed point theorems have been 
proved on 2-metric and 2-normed spaces under different contractive 
conditions. Various definitions, examples, results and discussions of this 
book are divided into the following five chapters :

Preliminaries.
Fixed point theorems for contractive type mappings on 2- 
metric spaces.
Matkowski contraction principle.
Fixed point theorems in 2-Banach spaces.
Convergence of sequence of iterates of nonexpansive map
pings.

The first chapter is introductory in nature and contains certain 
topological preliminaries to be used in the sequel. The intent of the second 
chapter is to give some generalizations of the well known Banach 
contraction principle on the setting of 2-metric spaces.

With a view to generalizing the Banach contraction principle 
Matkowski established a fixed point theorem for a system of transforma
tion on a product of n-metric spaces. The third chapter attempts to extend 
certain generalizations of this principle to 2-metric spaces. It appears that 
the Matkowski type contraction principles on 2-metric spaces are being 
studied for the first time.

The Fourth chapter studies the existence of fixed points of a new 
class of commuting mappings on 2-Banach spaces. It is well known that 
iterates of nonexpansive mappings need not converge to its fixed point. 
In the last chapter, we consider a certain class of nonexpansive mappings 
whose Mann sequence of iterates converges to their fixed points.

1.
2.

3.
4.
5.
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